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ON GEOMETRY OF TWO DIMENSIONAL
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Abstract

Geometry of two-dimensional surfaces in E* is an essential part of differential
geometry and studied by many authors [4, 5, 6, 10]. In this paper, we give some
surface in four dimensional Euclid space E* with nonzero Gauss curvature which
is a orbit of the system of two vector fields. Smoothness is the smoothness of
the class C°.

Keywords: Two dimensional surface, Gauss curvature, singular foliation,
vector field.
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Introduction

In [1] T. Otsuki introduced curvatures Aj, A, ..., A, for a surface ® in a (2 + n)—
dimensional Euclidean space E**", defining a quadratic form in the normal space of
the surface. In a suitable local frame of the normal space this quadratic form can be
written in a diagonal form and the functions i, Ag, ..., Ay are the coefficients in the
diagonalized form. These curvatures are related to the Gauss curvature K of &:

K =X +X+ .\

For a surface ® in the four-dimensional Euclidean space E* the curvatures A\; < Ao
are the maximum and minimum, respectively of the Lipschitz-Killing curvature of the
surface[4]. The function A;is called the principal curvature and the function lambdas
- the secondary curvature of ® in E4.

Let us consider a set of vector fields D C V(M )of the Lie algebra of all smooth
(class C*°) vector fields V(M) and the smallest Lie subalgebra containing D by A(D).
Let t — X'(x) be an integral curve of the vector field X with the initial point x for
t = 0, which is defined in some region I(z) of real line.

Definition 1. The orbit L(z) of a system D of vector fields through a point x is
the set of points y in M such that there exist ti,ts,....tx, € R and vector fields
Xiy, Xiyy .., Xi, € D such that
t te—1 t
y =X (X (L (X)),

lg—1

where k 1s an arbitrary positive integer.
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There are many investigations which devoted to the topology and geometry of
orbits of a system of vector fields [3, 7]. The fundamental result in the study of orbits
is Sussmann theorem [11], which asserts that every orbit is an immersed submanifold
of M.

Recall that a mapping P that takes each point # € M to some subspace P(z) C
T.M is called a distribution. If dim P(z) = k for all x € M, then P is called a
k-dimensional distribution. A distribution P is said to be smooth if, for each point
x € M, there exists a neighborhood U(x) of the point and smooth vector fields
X1, Xo, ..., X;,, defined on U(x) such that the vectors

Xi(y), Xa(y), - Xn(y)

form a basis of the subspace P(y) for each y € U(x).

A family D of smooth vector fields naturally generates the smooth distribution
that takes each point = € M to the subspace P(z) of the tangent space T, M spanned
by the set

D(z) ={X(z): X € D}.

Obviously, the dimension of the subspace P(z) can vary from point to point.

A distribution P is said to be completely integrable if, for each point x € M,
there exists a connected submanifold N, of the manifold M such that T, N, = P(y)
for all y € N,.

The submanifold /N, is callled an integral submanifold of the distribution P. For
a vector field X, we write X € P if X (z) € P(x) for all x € M.

A distribution P of constant dimension is said to be involutive if the inclusion
X,Y € P implies that [X,Y] € P, where [X, Y] is the Lie bracket of the fields X and
Y.

The Frobenius theorem [9] provides a necessary and suffcient condition for the
completely integrability of a distribution of constant dimension.

Theorem 1 (Frobenius). A distribution P on a manifold M is completely integrable
if and only if it is involutive.

Let A(D) be the smallest Lie algebra containing the set D. By setting A, (D) =
{X(x) : X € A(D)}, we obtain an involutive distribution Pp : x — Az(D). If the
dimension dimA, (D) is independent of x, then the distribution Pp : x — Az(D) is
completely integrable by the Frobenius theorem.

If the dimension dim A, (D) depends on z, then, as examples show, the distribution
Pp : x — A.(D) is not necessarily completely integrable.

The Frobenius theorem generalized by Hermann to distributions of variable di-
mension provides a necessary and sufficient condition for the complete integrability
of distributions which is finitely generated [9].

Definition 2. A system of vector fields

D ={Xy, X2, ..., Xx}
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on M is in involution if there exist smooth real-valued functions Z-lj(a:), xe Mg l=
1, ...,k such that for each (i,j) it takes

X0, X5] =) fi(@) X

Theorem 2 (Hermann [9]). A system of smooth vector fields
D= {X1, X, ... Xo}

on M is completely integrable if and only if it is involutive.

1 On the Geometry of Two Dimensional Surface in
the Four-Dimensional Euclidean Space

First of all let us recall notion of singular foliation [12].

Definition 3. A subset L of M is said to be a k — leaf of M if there exists a
differentiable structure o on L such that

(i) (L,0) is a connected k-dimensional immersed submanifold of M, and

(i1) if N is an arbitrary locally connected topological space,and f : N — M 1is a
continuous function such that f(N) C L, then f: N — (L,0) is continuous.

It follows from the properties of immersions that if f : N — M is a differentiable
mapping of manifolds such that f(N) C L, then f : N — (L,0) is also differen-
tiable.In particular, o is the unique differentiable structure on L which makes L into
an immersed k-dimensional submanifold of M.

Since M is paracompact,every connected immersed submanifold of M is separa-
ble,and so the dimensional %k of a leaf L is uniquely determined.

Definition 4. We say that F is a singular C-foliation of M if F is partition of M
into C-leaves of M such that,for every xeM, there exists a local C'l-chart 1 of M
with the following properties:

(a) The domain of ¢ is of the from U x W, where U is an open neighborhood of
0 in R¥, W is an open neighborhood of 0 in R"*, and k is the dimension of the leaf
through x.

(b) ¥(0,0) = .

(c¢) If L is a leaf of F, then LNp(UXW') = (U x1), where | = {weW : (0, w)eL}.

A leaf dimension of which is maximal is called regular otherwise it is called sin-
gular.

It is known that orbits of a family of vector fields generate singular foliation [11],
[12]. There are many investigations which devoted to the topology and geometry of
singular foliations [3, 7].

In this paper we study the geometry of the singular foliation which generated by
orbits of two vector fields.
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Let us consider a family of D = {X, Y} vector fields on four-dimensional Euclidean
space E* with Cartesian coordinates a1, xs, o3, x4, Where

0 0
X (& 8x1 + x4€ 81}47 ( )
0 9, 0
2. 9 9 9
Y = (a5 x3)8x2 + 2913 s Axomy o (2)

Theorem 3. The family of orbits of the vector fields (1),(2) generates a singular
foliation whose regular leaf is a surface with nonzero Gauss curvature.

Proof. Now we check the condition of Hermann theorem. It is easy to check that
[X1, X3] = 0. It follows from Hermann theorem the family D is completely integrable.

We need to find the invariant functions of the groups generated by vector fields
(1),(2). It is not difficult to check that the functions

2
x
Fl(xla Zo, I3,$4) - $§$46_$1, F2($17.T2, €3, [[‘4) = T3 + 33_2 (3)
3
are invariant functions. It is known that a function f is a invariant function if and
only if X(f) =0 [9] We can check that it holds the following equalities

X(FY=0,X(F*)=0,Y(F')=0,Y(F?) =0. (4)

These invariant functions give us a family of two-dimensional surfaces

()

where (4, Cy are constants.

For given C1, Cy let us denote by F¢ the connectivity component of the regular
surface, which is defined by the system of equations (5).

For definiteness, we will assume that C; > 0. If p°(29, 29, 29, 29) € F¢, it follows
from equalities (4) the orbit L(p°) is contained in the surface F©.

At any point p(x1, Zo, 73, 74) of the FC vectors X (p),Y (p) linearly independent
which shows the orbit L(p®) is a two-dimensional manifold. It follows every orbit is
an open subset of a surface F¢. Different orbits do not intersect, therefore, due to
the connectivity of the surface F'C, they coincide. It follows that L(p®) = F¢.

Now one can check the metric characteristics of the surface F¢. In order to find
Gauss curvature we will use formulas from the paper [2].

We need to find gradient vectors

gradFt = {—zizie 1,0, 2x304e" " 250"}

279 x3
gradF?* ={0,—=,1 — =, 0}.
0.221- 1)
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At regular point p(xq, z9, x3, x4) bivector
[gradF*, grad F?]
is nonzero vector and its length equal to
A = |gradF'|* - |gradF?* — (gmdFl,gradFQ)Q.
Note that A > 0 due to the regularity of the surface F°.

Let us introduce the notation

oF, 0*F,

Foi=F— Foij= 55—
6’@- J 8:(:1(9%

Then we define vectors

ovs = Fl.gradF* — F? gradF*

S S

and matrix
[(O-TSO-ln) - (Jrnals)]

4A
Let’s order all pairs of different indices (4, j) in the following order

Mrlsn -

(1,2),(1,3),(1,4),(2,3),(2,4), (3.4).

There are six pairs in this line. We number these pairs from 1 to 6. For example, 3
corresponds to the pair (1,4).

Now we define symmetric matrix A = (A,g), where A,3 = M;;;x, o is the number
of the pair (i,1), § is the number of the pair (j, k).

Components of the bivector d have following form

1 1
ai = |5, 1)
R F
Let g be a bivector complementary to d whose components are ¢ = £7*d*  where

ik is Kronecker symbol.

Now we are ready to write formula for Gauss curvature [2]:

€

Aaﬁqaqﬁ
|q]*

Let us write the matrix A in expanded form. The elements of this matrix are
M1, but we will only indicate the indices of the elements. We have

Kg=

(1212) (1213) (1214) (1223) (1224) (1234)
(1312) (1313) (1314) (1323) (1324) (1334)

A | (1412) (1413) (1414) (1423) (1424) (1434)
T | (2312) (2313) (2314) (2323) (2324) (2334)
(2412) (2413) (2414) (2423) (2424) (2434)
(3412) (3413) (3414) (3423) (3424) (3434)
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Now we can calculate Gauss curvature:
A = [(e3(23 +2) + 23)(a3 + 23) — 403 (2] - 2)|ay%e 2

T3 — a3 2xow3  Awory 0 x4(2] —73)  209w374
) ) ) )

q=A

}

2

Y

ert e’ ert e’ er1

Jal* = €™ (a3 + 23)” + dajoi(d + 25) + 23 (25 — 23)°)
At least we can write Gauss curvature in the following form
73 ( (@3 — #3)(3(a3 — a3) + daws) + 203((a3 + 23)? - 203))

Kg = 5 : (7)
A( (@3 + 23 + 34034 + 3) + (a3 — 23)?))

The formula shows that at regular points Gauss curvature is nonzero.
Note the orbit passing through the origin is a singular leaf. It is one dimensional
leaf. The values of functions

x2re ™
{ T (8)

at the origin are equal zero.
At the points of this orbit vectors

gradF' = {—z3x,e™™ 0, 2r304e ™" 2361}

9)
2 2 (
gradF? = {0, xi;’ 1-— i—g,O}.

are not linearly independent i.e. the are collinear. Therefore, the bivector

[gradF*, gradF?]

is the zero vector and its length equal to zero: A = 0. Therefore, at the points of the
singular leaf formula (7) is undefined.
O
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