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TRANSLATION-INVARIANT GIBBS MEASURES
FOR POTTS MODEL WITH COMPETING
INTERACTIONS WITH A COUNTABLE SET OF
SPIN VALUES ON CAYLEY TREE
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e-mail: mustafoyevab30gmail.com

Abstract

In the present paper we consider of an infinite system of functional equations
for the Potts model with competing interactions and countable spin values
® ={0,1, ..., } on a Cayley tree of order k. We study translation-invariant Gibbs
measures that gives the description of the solutions of some infinite system of
equations. For any k£ > 1 and any fixed probability measure v we show that
the set of translation-invariant splitting Gibbs measures contains one and two
points for odd k and even k, respectively, independently on parameters of the
Potts model with a countable set of spin values on a Cayley tree.

Keywords: Gibbs measure, Cayley tree, Potts model, Hamiltonian, nearest-
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Introduction

The Gibbs measure is a probability measure which has been an important object in
many problems of probability theory and statistical mechanics. It is the measure
associated with Hamiltonian of a physical system (model) [1].

The method used for the description of Gibbs measures on Cayley trees is the
method of Markov random field theory and recurrent equations of this theory, but
modern theory of Gibbs measures on trees uses new tools such as group theory,
contour methods on trees, non-linear analysis.

The most studied model of statistical mechanics is the Ising model, there are
about 1700 papers devoted to the problems related to Ising model. In particular,
this model plays a very special role in statistical mechanics and gives the simplest
nontrivial example of a system undergoing phase transitions [3|, [5], [17], [18], [19].

The Potts model was introduced as a generalization of the Ising model. The idea
came from the representation of the Ising model as interacting spins which can be
either parallel or antiparallel. At present the Potts model encompasses a number of
problems in statistical physics and lattice theory (see, e.g., [2]). It has been a subject
of increasing research interest in recent years.

In [5] a countable state space Markov random fields and Markov chains on trees
were constructed and using of entrance laws for specifications Zachary extended and
generalized results of [3], [6].
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In [8] the ferromagnetic Potts model with three states on a second order Cayley
tree was studied and there was shown the existence of a critical temperature 7T, such
that for T" < T, there are three translation-invariant Gibbs measures and uncount-
able Gibbs measures, which are not translation-invariant. In [12], the results of [§]
were generalized for the Potts model with a finite number of states on a Cayley tree
of arbitrary (finite) order. It was proved in [9] that the translation-invariant Gibbs
measure of the antiferromagnetic Potts model with an external field is unique on the
Cayley tree. [10] was devoted to the Potts model with countable many states and a
non-zero external field on the Cayley tree. It was proved that this model has a unique
translation-invariant Gibbs measure. In [7] the Potts model with a countable set of
spin values on Z¢ was studied. Moreover, [23] is devoted to discussing many applica-
tions of the Potts model to real world situations, such as biology, physics, and some
examples of alloy behavior, cell sorting, financial engineering, image segmentation,
medicine, sociology and given a systematic review of the theory of Gibbs measures
of Potts model on Cayley trees.

In [22] all translation-invariant splitting Gibbs measures (TISGMs) were found on
the Cayley tree for the Potts model, in particular, it was shown that at sufficiently
low temperatures their number is equal to 29 — 1. It was proved that there were
[4] critical temperatures and the exact amount of TISGMs for each temperature was
given and in [24] the regions of non-extremality of these measures were found.

In [11] it was considered a nearest-neighbor Potts model, with countable spin
values ® = {0, 1, ..., } and non-zero external field, on a Cayley tree of order k (with
k+1 neighbors). Also it was given full description of the class of probabilistic measures
v on ® and in particular it was described the Poisson measures which are Gibbsian.

Ground states for Potts model with a countable set of spin values on a Cayley
tree were considered in [14], [15], [16] and [21].

The chapter 8 in [4] was devoted to a nearest-neighbor Potts model with countable
spin values 0, 1, ..., and non-zero external field on a Cayley tree of order k£ and studied
translation-invariant Gibbs measures which depend on k and a probability measure v.
In [13] an infinite system of functional equations for the Potts model with competing
interactions of radius » = 2 and countable spin values on a Cayley tree of order two
were given and the exact value of the exponential solutions were described such that
u; = a' for some a € (0,1) and the corresponding measure v.

In this paper, we describe of an infinite system of functional equations for the
Potts model with competing interactions on a Cayley tree and give full analysis of
the system of equations (12) below.

1 Main definitions and known facts

The Cayley tree (Bethe lattice) I'* of order k > 1 infinite tree, i.e., a graph without
cycles, such that exactly k+1 edges originate from each vertex. Let I'* = (V, L) where
V' is the set of vertices and L the of edges. Two vertices x and y are called nearest-
netghbors if there exists an edge | € L connecting them and we denote | =< z,y >.
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A collection of nearest neighbor pairs < z,z1 >, < 1,72 >, ..., < Tq_1,y > is called
a path from x to y. The distance d(x,y) on the Cayley tree is the number of edges of
the shortest path from x and y.

For a fixed 2° € V, called the root, we set

W, ={x e Vld(z,2°) =n}, V,= U Wi

and denote

S(x) ={y € Waya 1 d(z,y) = 1}, 2 € Wy,

the set of direct successors of x.

The vertices x and y are called next-nearest-neighbor (NNN) which is denoted by
> x,y <, if there exists a vertex z € V such that z, z and y, 2z are nearest-neighbor.
We consider NNN > z,y <, for which there exist n such that x € W,, and y € W,, 1,
this kind of NNN is considered with the three states Potts model (see [20]).

It is well-known that there exists a one-to-one correspondence between the set V'
of vertices of the Cayley tree of order k£ > 1 and the group Gy, of the free products of
k + 1 cyclic groups of second order with generators ay, as, ..., ar+1 (see [4], p.3).

For each = € Gy, let Si(x) denote the set of all neighbors of z, i.e., Si(x) = {y €
Gy < z,y >€ L}. The set S1(z)\S(x) is a singleton.

We consider a Potts model with competing nearest-neighbor and prolonged next-
nearest-neighbor interactions on a Cayley tree where the spin takes values in the set
® :=0,1,2,.... A configuration o on V is then defined as a function x € V —
o(x) € @; the set of all configurations is ®V.

Let G}* be a subgroup of index » > 1. We consider the right coset Gy \ G,* =
{H, Hs,...,H,}.

Definition 1. A configuration o(z) is said to be G* — periodic if o(x) = o; for all
x € Gy with v € H;. A Gy-periodic configuration is said to be translation-invariant.

The Hamiltonian of the Potts model with competing interactions has the form

H(0) ==J Y Sotwjoty =N Y, Sot@oty): (1)

<z,y> >x,y<
z,yeV z,yeVvV

where J, J; € R are coupling constants and ¢ is the Kroneker’s symbol:
1, u=w,
Ouv = { 0, u#w.
For A C V denote by ®4 the configuration space on A. Let h : * — h, =
(hoz, Mz, -..) € R® be a real sequence-valued function of z € V'\ {z°}.

Fix a probability measure v = {v(i) > 0,7 € ®}.
Given n = 1,2, ..., consider the probability distribution s, on ®"» defined by
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1™ (o,) = Z,;lexp< BH(00) + Y ho), ) I v(o(@)). (2)

ern $6Vn

Here, 0, : © € V, — o(x) and Z, is the corresponding partition function:
Z exp( BH(5,) Z h (), x) H v(o(z)).
5’7L€‘I>Vn zeWy, z€Vn

Remark 1. Note that Z, is the finite, since v is a probability measure and exp(—FH (G,)+
Y- hé@)e) is bounded on oV,

IEWn

As usual, the probability distributions (™ are compatible if for any n > 1 and
Op_1 € ®Vr-1:

Z P (01 V wn) = " (o 1), (3)

Here 0,1 V w,, € ®"» is the concatenation of o,,_; and w,,.
The following theorem describes conditions on h, guaranteeing compatibility of

distributions 1™ (a,,).
2 Functional Equations

Theorem 1. Probability distributions ™ (c,) , n = 1,2, ..., in (2), for a Cayley tree
of order two, are compatible iff for any x € V\{z°} the following equation holds:

h:,x :E(h27h;57 J)a 1= 1727”*7 (4>

where S(z) ={y,z}, hi=(h1z—hor+1n Eég,hg,x — ho, +1In %, ...) and

1+ Z €Xp {Bj(éip + 5iq) + Jlﬁépq + h;,y + hz,z}

pjrq;%
* * prq
Fi(h,, b, B,J) = > :
1 + Z exXp {ﬁj(éop + 50(1) + Jlﬁépq + h;y + h;z}
,q=0
1§]+qq7é0

Proof. Necessity Assume that (3) holds; we will prove (4). Substituting (2) in (3),
obtain that for any configurations o, 1 :x € V,,_y — 0,_1(z) € :

1

7 Z exp{ BH,(0,) Zh } H v(o(y))

n U(")E@Wn zeWy, YyEVn_1
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1
- 7 exp ﬁHn 1 Un 1 Z han 1(z),z
n—1 ze€Wn_

Z exXp _ﬂHn l(gn 1 +J6 Z +5 :ca(z +J16 Z 5 + Z h (z),x

o) cdWn €W, — zeW, — zeW,
y,zeS(:r:) y,zES(x)

Zy,
x [ vio =7 exp { —BHp1(0n-1) + > expho, @)

yGWn n—1 zeEWn_1

Consequently, for any 7 € ¢,

exp {hoy + ho +2Inv(0)} + qu—O exp { JB(8ip + 8ig) + J180pq + hpy + by + Inv(p) + Inv(q)}
piq;éo

exp {hoy + ho +2Inv(0)} + Zo exp {JB(dop + dog) + J180pq + Iy + hg - + Inv(p) + Inv(q)}
P.a=
p+q#0

= exp {hz,x - hO,x}7
such that:

1+ Z €Xp {Jﬂ(éip + 5iq) + Jlﬁépq + h;,y + h;z}

} =0

" —ln I?Jrqq#O
L+ > exp {Jﬁ(éop + 50(1) + J180pq + h;y + h;z}

.q=0

5+qq¢0

where: (0
v(i
hi,=hiz—ho,+In—=.
e = e 0 )
Sufficiency. Let (4) is satisfied we will prove (3).
Z exp { JB(8ip+0iq) + J180pg + by + by +Inv(p)+Inv(q)} = a(z)exp {hi,}, (5)
p,q=0
here 7 = 0,1, ....
We have

LHS of ( :—exp{ ﬂHnlanl} H

CCEWn 1
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Y e {IB(Gotro) + o) + T1B00tyo) + howyy + hoz) 2} (6)

xeEWn_1
y,2€5(x)
Substituting (5) into (6) and denoting A4, = [] a(x), we get:
zeW,_1
An,
RHS of (3.3) = — exp{ — BH,1(0a1)} ] vlo(x)). (7)
n xeW,_1

Since (™, n > 1 is a probability, we should have:

()
SN i (o0, 00D) = 1.

Op—1 O

Hence, from (7) we obtain Z, 1A, 1 = Z,, and (3) holds. O

3 Translation-invariant solutions

Let, hy = h = (hq, ha, ...) for any x € V. We rewrite (4) as the following form:

1+ > exp{BJ(8ip 4 0ig) + J180pq + his + i}

(i) prio
¥(0) L4 > exp {8 (Oup + Oog) + S8y + 15+ B}

,q=0

zf—l—qq#O

From following determine u; = exp(h;),i = 1,2, ... we have

. k
L4+ > exp{BJ(dip + big) + J180pq } upuy
. p,q=0
w; = ”(é) : asial LieN.  (9)
v(0) 1+ Z eXp {ﬂJ(C;Op + 50(1) + Jlﬂapq} UpUyqg
q=0
zf)+qq7é0

Using the following expressions:

BJ(8ip+6iq)+J1 86 _ p2p .2 o
P Cintoiq) Puptly = 0°6u; when p=gq=r1;

[e.e] o
BI (8ip+0iq)+J180. _ ) .
E e \oipT o Pluptlg = O0u; Y Up;

P#1,q=1 p>0
pFi
oo o0

E P Qi+ 0ia) t 1800y, 4y — Qu, E Ug;
q#i,p=i q>0
qFi
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o0 o0 o0
BJI(8ip+biq)+J186 _ Pq .
E : € P Plupug = (up 07 ug);
pFaFi p>0 q>0
pF#i qFi

we rewrite (9) as

o0 o0 o0 o0 k
1+ 020002 + 0us > up + 0u; S ug + S (up S 67770,
. p>0 q>0 p>0 q>0
v () pFi qF#i pFi q#i 1
U; = I/(O) ’ 00 00 00 e 5 ( O)
1+ 60201u3 + Oug > up + Oug > ug + > (up Y 0777uy)
p>0 q>0 p>0 q>0
where 0 = exp(Jf), 0, = exp(J15).
Z(up Z@f”quq) = Zup {in case p = ¢}01u, + Z ug | =
p>0 q>0 p>0 q>0
pAi qFi pAi qF#1,p#q
OIS WD PR i
p>0 p>0 q>0
pF#i p#i qFi,p#q

and ug = 1. From (11) we rewrite

[e.e] [e.e] o0 o [e.e] o0 o0
— _ 2
E Uy - E uq—g Uy, - E Ug — Up —E up~§ uq—E U-

p>0 q>0 p>0 q>0 p>0 q>0 p>0
P#i qFi,p#q p#i qFi P#i qFi p#L
and we get
k
L4 60200u; +0u; | Doup+ D ug | + (00— 1) Do us+ D up- Y ug
. p>0 q>0 p>0 p>0 q>0
. v(i) pAi g pi pAL gt
v (0 00 oo 00 0o 00
(0) 1+9201+9<Zup+2uq)+(91—1)2ug+2up-2uq
p>0 q>0 p>0 p>0 q>0
(12)
or
k
0201 (uf — 1) +0 | 2o up+ 2 ug | (wi—1)
() p>0 q>0
v i i
w = ﬂ s pF a7
1% o0 oo o0 oo o0
1+0291+6<Zup+ Zuq> + (01— 1) Do w4+ Y uy - Y ug
p>0 q>0 p>0 p>0 q>0
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(o) o0

Let Y u, =00 and ) u, = co . From the last equation we get
p>0 >0
pF#i q7#1

),
w = o 1,2, ... (13)

Since Y v(j) =1 by (13) we have
j=0

i 1—v(0
;uj:—y((); ) < +00.

Thus there is no solution of (12) with ) u, = co and ) u, = 00 .

p>0 q>0
pF#i q#i
o0 oo o0
Let p > g and Y up, = S < 400, Y ug = A+ S < +oo, Y uy = B < 400,
p>0 q;Q p>0
qFi

where S;A and B are some fixed positive numbers. It is easy to see that A =
Ug + Ugr1 + oo + Up_1.
In this case we obtain from (12)

14620, +0(A+2S)+ (6 —1)B+ S(A+95)
(14)
Denote n; = 48 and B; = n; (1+ 626, + 6(A+2S) + (6 — 1)B+ S(A + 5))".

Then from (14) we obtain

Bu; = ((2 =20 — 01)u? + (076, + (A +28)(0 — 1))u; + 1+ (6, — 1) B+ AS + 52)k .

(15)

Assuming #; > 1, we conclude B; > 0. We will consider cases k = 1 and k = 2
separately.

Let k = 1. Then from (15)
Biu; = (2—20 — 0))u? + (0°0, + (A+25)(0 — 1))u; + 1+ (6, —1)B + AS + S*. (16)
Case 6 = 0, = 1. From (16) we have the following equation
Biu; = —ui +u; + 1+ AS + §?
and one positive solution:

—(Bi—1)++/(B; —1)2+4(1+ AS + 5?)
2

Case 0 =1 and 6; > 1. In this case from (16) we get

U; =

209
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accordingly

—(Bi = 01) + /(B; — 0,)2 + 46, (1 + AS + S2 + (6, — 1)B)
20,

Case 6 > 1 and 6, > 1. Denote
a=2-20—0,, b=0*0+(A+25)0—1), c=1+ (0, —1)B+ AS+ S* (17)

It can be seen easily that a < 0 and ¢ > 0 for this case. Then we can conclude
that the discriminant of equation (16) is (b — B;)? — 4ac > 0 and have one solution

U; =
2a

which is positive.
For all cases above we have unique solution of (16) for k& = 1.

Let k = 2. Then
Bu; = ((2 =20 — 01)uf + (0°6, + (A +25)(0 — 1))u; + 1 4 (6, — 1) B + AS + 52)2 :
(18)
Case 0 = 0, = 1. From (18) we rewrite

We will find critical points of a function f(u;) = (—u? +u; + 1+ AS + S?)%

1 1+ /14401 + AS + 5?2)

Uy = =, Uy, 2

1-/1+41+AS+5?)

5 < 0.

> ) Usjq

Since that the left side of equation (19) is linear increasing function, we can conclude
that equation (18) has two positive solutions.

Case # = 1 and #; > 1. As the above case, it is also used critical points to
analyze the number of solutions of (18) for this case:

Biu; = (—01u? + Oyu; + 1+ AS + S% + (6, — 1)B)”

and

F'(us) = (62 + b + 1+ AS + 52+ (6~ DB)*) =0
We have

2 2 _
%217 Ui2:91+\/01+401(1+AS+S + (01 — 1)B) >0
2 260,
. 01 — /0% +40,(1 + AS + S2 + (6, — 1)B) —0

" 20,

and conclude that equation (18) has two positive solutions.
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Case 0 > 1 and #; > 1. In this case using (17) we get the following critical
points and two positive solutions of (18):

—b —b—\/b2—4ac>0 _—b+\/62—4ac<0

Uy = 7 > 07 Uiy = %2, 3 Ujq %2,

2a
We can say from the above cases, we have two solutions of (18) that are concluded
using critical points for k = 2.

Now we will analyze equation (15) by dividing into two cases: k is odd and k is
even separately.
Let k is odd. Then we will analyze function

flu) = ((2—20 = 61)u; + (076, + (A+25)(0 — 1))u; + 1+ (61 — 1) B+ AS + SQ)’“ :
(20)
Case 0 =1 and 6, > 1. In this case the following function from (20)

Flug) = (=010 + Oyu; + 1+ AS + S* + (6, — 1)B)"

is increasing for u; < 3 and we conclude that (15) has unique positive solution.
Case 6 > 1 and ¢, > 1. In this case the function (20) is increasing for
- 020, + (A+25)(6 — 1)
U; —
2(2— 20 — 0;)

and equation (15) has unique positive solution.

Let k 1is even.
Case 0 =1 and 6; > 1. In this case the derivative of the equation (20) is

f’(uz) = k‘(—%)lul + 91) (—Hluf + Hlui +1+ AS + 52 + (81 - 1)B)k_1 .
The function (20) is increasing when

—201u; +6; >0
—01u? + Oyu; + 1+ AS + 5%+ (0, —1)B > 0,

and
—201u; + 60, <0

systems are satisfied.
Solving the systems above, we have two positive solutions of (15) for u;, € (0, 3)

2
01-++/02+461 (1+AS+S52+(61—1)B)
and u;, € Vo 7, ; +00

Case ¢ > 1 and 6; > 1. In this case, using the same method of the previ-
b

ous case, we can see the function (20) is increasing for u;, € (0,—4-) and u;, €
(_b_— V;f_‘l“c; —i—oo), since a < 0,b > 0,c¢ > 0 where a,b and ¢ are in (17).

Summarising, we obtain the following
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Theorem 2. If 0 > 1 and 61 > 1, then for any B > 0 and any fized probability
measure v on ® the model (1) has

(1) a unique translation-invariant splitting Gibbs measure if k is odd;

(2) two translation-invariant splitting Gibbs measures if k is even.

Remark 2. In [13] we gave a description of the class of measures v on ® such
that respect to each element of this class the infinite system of equations has unique
solution {a',i =1,2,...}, where a € (0,1).
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