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Abstract

In this paper, we shall discuss the construction of Gibbs measures for models
with uncountable set of spin values on Cayley trees. From [22] it is known that
"translation-invariant Gibbs measures" of the model with an uncountable set
of spin values can be described by positive fixed points of a nonlinear integral
operator of Hammerstein type. The problem of constructing a kernel with non-
uniqueness of the integral operator is sufficient in Gibbs measure theory. In
this paper, we construct a degenerate kernel in which the number of solutions
does not exceed 3, and in turn, it only gives us a chance to check the existence
of phase transitions.
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Introduction

Foundations of measure theory provide little support for compositional reasoning.
Standard formalizations of iterative processes prefer to construct a single monolithic
sample space from which all random choices are made at once. The central result in
this regard is the Kolmogorov’s extension theorem, which identifies conditions under
which a family of measures on finite subproducts of an infinite product space extend
to a measure on the whole space. This theorem is typically used to construct a large
sample space for an infinite iterative process when the behavior of each individual
step of the process is known (see |2, 19]).

Gibbs measures for models with an uncountable set of spin values on lattice sys-
tems requires some additional considerations compared to models with a countable
set of spin values. The construction of Gibbs measures for models with an uncount-
able set of spin values on lattice systems is an active area of research in statistical
mechanics and mathematical physics. Different techniques and methods have been
developed to tackle specific models and situations, and there is still ongoing work to
fully understand the properties and behavior of these measures (e.g. [22]).

In lattice systems with an uncountable set of spin values, such as real-valued
spins, the traditional approach of defining the Gibbs measure as a product measure
on the lattice may not be applicable. This is because the product measure may not
be well-defined due to the infinite product of probability measures.

166



Bulletin of National University of Uzbekistan: Mathematics and Natural Sciences

One common approach to construct Gibbs measures for such models is to use the
concept of conditional probabilities. The idea is to define the Gibbs measure as a
collection of conditional probability measures, where each spin value is assigned a
conditional probability given the values of neighboring spins. (e.g., [13, 14]).

The paper deals with the problem of constructing kernels of Hammerstein-type
equations whose positive solutions are not unique. This problem arises from the the-
ory of Gibbs measures, and each positive solution of the equation corresponds to one
translation-invariant Gibbs measure. Also, the problem of finding kernels for which
the number of positive solutions to the equation is greater than one is equivalent to
the problem of finding models which has phase transition. The problem of construct-
ing kernels of the equation for which there are at least two positive solutions is also
studied in [16, 10, 11, 12, 4]. In these articles, the number of solutions corresponding
to the constructed kernels does not exceed 3, and in turn, it only gives us a chance
to check the existence of phase transitions. The constructed kernels in this paper
are more general than kernels in the above-mentioned papers and except for checking
phase transitions, it allows us to classify the set of Gibbs measures.

1 Cylindric sets on Cayley trees

The Cayley tree $* = (V, L) of order k > 1 is an infinite tree, i.e. graph without
cycles, each vertex of which has exactly k£ + 1 edges. Here V is the set of vertices of
3% va L is the set of its edges.

Consider models where the spin takes values in the set ® (finite or denumerable),
and is assigned to the vertices of the tree. For A C V a configuration o4 on A is
an arbitrary function o4 : A — ®. Let Q4 = ®4 be the set of all configurations on
A. A configuration o on V' is defined as a function x € V +— o(z) € ®; the set of
all configurations is Q := ®¥. We consider all elements of V' are numerated (in any
order) by the numbers: 0, 1,2, 3, .... Namely, we can write V' = {z, x1, 29, ...} (detail
in [3, 20, 21]).

Let X4 be the indicator function. €2 can be considered as a metric space with
respect to the metric p: Q x Q — R given by

p ({o(@) e A0 @) o ev) = D2 " Ao sor(a)

n>0

(or any equivalent metric the reader might prefer, this metric taken from [13]), and
let B be the o-field of Borel subsets of €.

For each m > 0 let 7, :  — ®™! be given by 7, (00,01, 02,...) = (00,...,0m)
and let C,, = ! (P (®™1)), where o; := o(x;) and P (@) is the family of all
subsets of @™ (Cartesian product of ®). Then C,, is a field and each of the sets in C,,
is open and closed set in the metric space (2, p); also Cp, C Cpug1. Let C = U,,,50 Cim;
then C is a field (the field of cylinder sets) and each of the sets in C is both open
and closed. Denote S(C) - the smallest sigma field containing C. Every element of
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S(C) is called “measurable cylinder". Put

o™ (q) = {a e 0‘{%} =q€ CID} :
Definition 1. A measurable space (X, &) is said to be countably generated if € = o(Z)

for some countable subset I of £.

Proposition 1. [15/ B=8(C) =8 ({o™(q) :m >0, q € ®}) and in particular if
|®| < 0o then (§2,B) is countably generated.

Proof. Let O be the set of all open subsets of (2. Then C (if |®| < oo then C is a
countable set) a base for the topology on the metric space (€2, p). Also, since C is the
field, each O € O can be written as a union of elements from C. Hence O C S(C) and
thus B = S(O) € §(S(C)) = S(C), i.e., B=S(C). Moreover, each element of C can
be written as a finite intersection of elements from the set {J(m)(q) :m >0, q€ @}
and it therefore follows that

C CS({U(m)(q) :m >0, g€ P}).
This implies that B =S8 ({a(m)(q) :m >0, g€ d}). O

For a fixed 2° € V we put
Wo={xeV|d(za")=n}, Vi=|]Wn,

where d(x,y) is the distance between the vertices = and y on the Cayley tree, i.e. the
number of edges of the shortest walk (i.e., path) connecting vertices = and y.
For any fixed configuration o4 € 24, A C V we denote:

04 = {UGQ: O"A:O‘A}.
Corollary 1. [15/ B=S8 ({ov, : n € Ny}).
Proof. By Proposition 1 we have
5v. = () eEv.(s)) € SHo™(g) :m 2 0, g € 8}) = B.
8i€Vn

Then for all n € N we obtain that oy, € B, i.e. S ({oy, : n € N}) C B.

On the other hand, we show that B C S ({ay, : n € N}). Let my > 0 and we can
find ny € N such that z,,, € V,,,. If bases of cylinder sets WV s Wiy coincide with
each other only at {z,,,} and its value be gy € ® then we obtain that

o) (qo) = wy,, N v, €S ({ov, :n €N}).

From mg and ¢y are arbitrary numbers and Proposition 1 we can conclude that

BCS({oy, :neN}). O

Note that Corrollary 1 is very important in the theory of Gibbs measures (see
[20, 21]) and a family of sets {V,,}32, is also cofinal sets [14].
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2 Lattice system has Kolmogorov property

In this section, we use notations of the previous sections.

Definition 2. For each A € N let jiy be a measure. The family of measures {fip} ycpr
is said to be consistent (compatible) if pn(Fn) = ua(Fa) for all Fx = Fa € By
whenever A C A.

There are several versions of Kolmogorov’s extension theorem for probability mea-
sures. But some problems reduced to Kolmogorov’s theorem for non-probability mea-
sures (e.g., [18]). Actually, we can not apply the theorem for any infinite measures.
But in this section we give Kolmogorov’s extension theorem for a certain class of
infinite measures.

Note that Q, = Qy, and B, is the o-ring of all Borel sets of 2,. Also, u, is a
measure on (Q,,5,), n € N.

If all A, can be chosen in 7! (B,,) for fixed m, then we have

Theorem 1. [15] If one of measures {ji,}, |, Say fin,y, is o-finite, then {{,} —, can
be extended uniquely to a o-additive measure on B.

Let 2 be a non-empty set and (£2, C) is a partially ordered set (poset). The poset
Q) is said to be complete if each non-empty subset of {2 possesses a least upper
bound. If {z,},-, is an increasing sequence of elements from  then lim, z, :=

sup ({z, :n>1}). So ¥ = (V,N,Q, {]:A}Ae/\/) is a lattice system. Namely, N/
equipped with a directed, countably generated partial order C, and a decreasing
family F = {Fa},cp of sub-o-algebras of F.

Suppose for each A € N we have a strict Fy-measurable quasi-probability kernel
Cr € K(Fy). Then the family V = {(a} . Will be called an F-specification if
(a = (aln whenever A, A € N with A C A. Let V = {(a} v be an F-specification;
then a probability measure u € P(F) is called a Gibbs state with specification V
if 4 = uy for each A € N. Note that this definition of Gibbs states originates from
Dobrushin [5, 6, 7, 8|, and Lanford and Ruelle [17, 23|.

Definition 3. Let Py : Q — R := RU {—00,00} be Fr-measurable mapping for all
A € N, then the collection P = {Py} .\ is called a potential. Also, the following
exTPression

Haplo) € Y Puio), Voeq. (1)
ANA#£S,AeN

15 called Hamaltonian H associated to the potential P.

Put
r(P) ¥ inf{R>0: Py =0 for all A with diam(A) > R}.

If r(P) < oo, P has finite range and Ha.p is well defined. If r(P) = oo, P has infinite
range and, for the Hamiltonian to be well defined, we will assume that P is absolutely
summable in the sense that

Y Pl <00, VzeV,
AeN ,xzeA
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(remember that || f]|« & sup,, | f(w )|> which ensures that the interaction of a spin

with the rest of the system is always bounded, and therefore that ||[Hap|| < oc.
Let M7 = {V, : n € N} then we define the following Hamiltonian in the box
Va,m € N:

o) = van(()'), Vo € Q. (2)

Let us define a specification (¥ = {CV }neN (in short ¢({f := ¢}*) such that ¢{f (- |
w) gives to each configuration 7y,wf, a probability proportional to the Boltzmann
weight prescribed by equilibrium statistical mechanics (see e.g. [13]):

of 1 _ _
<5 (W,O'n) d:f ﬁe Hn(onan)’ (3)

n

where we have written explicitly the dependence on wy, , and Z¥ is a partition func-
tion, i.e.,

w def
7y = Z exp (—H, (onwy;,))

on€Qy,,

Theorem 2. IfF, := {Cf}neN then Fy is a specification.

Proof. For a fixed m,n € N with V,, C V,, @ V, we show that (£ = (I, Let
A C P(Qy,). At first, we consider the case A = {oy, }, i.e.,

CmGn(w, ov,) ZCm (@, Tv,) Gn (T, 0, ) = ZCm (Ws V) Gn (v \ VetV > 007, ) -

From the last equation, for any A C P({y, ) we obtain
CnCn(A |w) = Z Z La (M v \vawvs ) G (9, Tv,) Cn (v \vaWyg » V) -
Vi TA

For any configuration 7y, which defined on V,,, we rewrite this configuration as a
combination of 7y, on V,, and 7v,,\v, on V;,\V,, i.e. 7y, =7, V7y (. By (3), RHS
of the last equation can be rewritten as:

Z Zl“‘ (UVRT‘//Im\Vner%) Ze Hi (T T\ v V)

T‘,}'m\Vn Vv, Zm (WV#L) Z (TV \Vir wvc> T’n

It’s easy to check that the following expression
does not depend on 7y, . That’s why we have

Hy (74, 7, \ v, v ) = H (70, 7,0 v,wvs ) = Hin (v mv,vpwve ) —Ha (v, T vewve, )
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which gives
e_HnL(T‘,/nT‘,/Im\VnwVﬂcfb) = Z (T ) eHm (nV”T\I/I'm,\Van)e_Hn(nVnT\’/lm\VnwV'r%)‘
Vm\Vn m
‘r{,n
Inserting this in the above expression, and renaming nVnT{;m\Vn =1y,,, we get

7Hm (n(/mwvmc)

min A 1 c
< C |Cd % A anwV Zm ((,LJVT%)

(m(A | w).
[l

3 Gibbs measures for models with uncountable set
of spin values

For each m > 0 let 7, : Q — [0,1]™"! be given by 7, (09,01, 09,...) = (00, .,0m)
and let C,, = ;' (P ([0,1]™1)), where o; := o(z;) and P ([0, 1]™*!) is the family of
all subsets of [0, 1]™*! (Cartesian product of [0,1]). Then C,, is a field and each of
the sets in C,, is open and closed set in the metric space (€2, p); also C,,, C Cppy1. Let
C = U,,50Cm; then C is a field (the field of cylinder sets) and each of the sets in C
is both open and closed. Denote S(C) - the smallest sigma field containing C. Every
element of S(C) is called “measurable cylinder".
Let us consider a formal Hamiltonian:

(0)=—=J > Lowow, o€ (4)

(z,y)EL

where J € R\ {0} and £ : (u,v) € [0,1]* = &, € R is a given bounded, measurable
function. As usual, (z,y) stands for the nearest neighbor vertices.

Let h: 2 €V hy = (hya,t € [0,1]) € RI%Y be mapping of z € V' \ {2°}. Given
n =1,2,..., consider the probability distribution ™ on Qy, defined by

p(0,) = ZﬁGXP( BH(00) + Y hoya) ) (5)
zeWnp
Here, as before, 0, : x € V,, = o(x) and Z, is the corresponding partition function:
Zy :/ exp | —fH(c,) Z hs, v, (doy,). (6)
Qv, zeWn

Let A € N and A C A. If 1y is a measure on By, the projection of pp on Ba is
measure ma (py) on Ba defined by

[Ta (1a)] (B) = up {0 € Qa1 o|a € B}, B € Ba.
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Similarly, if p is a measure on B, the projection of u on By is defined by
[mA()] (B) =u{oc € Q:0p € B} = u(alp =0p:0p € B), BEDBy.
The following theorem is known:

Theorem 3. [1/(Kolmogorov Extension Theorem) For each t in the arbitrary
index set T, let €y be a complete, separable metric space, with F; the class of Borel
sets (the o-field generated by the open sets).

Assume that for each finite nonempty subset v of T, we are given a probability
measure P, on F,. Assume the P, are consistent, that is, m, (P,) = P, for each
nonempty u C v.

Then there is a unique probability measure P on F =[], F¢ such that 7,(P) =
P, for all v.

The probability distributions ™ are compatible if for any n > 1 and 0,,_; €
QVn—l:
v, (1) = p" b (7)

Then by Kolmogorov extension theorem, there exists a unique measure p on €2y, such

- a}) (o).

The measure p is called splitting Gibbs measure corresponding to Hamiltonian (4)
and function x — hy, v # 2°.

that, for any n and 0, € Qy,, p | S o

Proposition 2. [22] The probability distributions ™ (a,), n = 1,2,..., in (5) are
compatible iff for any x € V' \ {2} the following equation holds:

fo exXp Jﬁgtu f y)du .
7= 1 a6 fu i 5)

Here, and below f(t,x) = exp(ht, — hoz), t € [0,1] and du = A(du) is the Lebesgue
measure.

Note, that the analysis of solutions to (8) is not easy. It’s difficult to give a full
description for the given potential function & ,.
Let &, is a continuous function. We put

C+0,1] = {f € C[0,1] : f(z) >0}, C;[0,1] = C*[0,1]\ {0 = 0}

Define the operator Ry, : C;7[0,1] — C[0, 1] by

fo tou) f(u)du ‘
Rk I k" N,
(R f)(t) = (fo T u)du) e

where K (t,u) = exp(JB&.), f(t) > 0,t,u € [0, 1].
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We'll study the equation (8) in the class of translational-invariant functions f(¢, x),
ie f(t,x) = f(t) € C[0,1] for any x € V and it can be written as

(Ref)(t) = f(1), (9)

Note that equation (9) is not linear for any k > 1. For every k € N we consider
an integral operator Hj acting in the cone CT[0,1] i.e.,

(Hﬁﬂﬂ_[;K@uﬁWmm%keN. (10)

The operator Hy is called Hammerstein’s integral operator of order k. Clearly, if
k > 2 then Hj is a nonlinear operator.

Lemma 1. [9] Let k > 2. The equation
Ryf=f, f€Cy[0,1] (11)

has a nontrivial positive solution iff the Hammerstein’s operator has a positive eigen-
value, i.e. the Hammerstein’'s equation

Hyf =Af, feCT(0,1] (12)
has a nonzero positive solution for some A > 0.

It is easy to check that if the number A\g > 0 is an eigenvalue of the operator Hy,
then an arbitrary positive number is an eigenvalue of the operator Hy (see Theorem
3.7 19]), where k > 2. Consequently, we obtain

Let f(t,z) does not depend on the vertices of the Cayley tree. Then the last
equation (8) has a strongly positive solution if and only if the Hammerstein equation
has a strongly positive solution in My = {f € C*[0,1] : f(0) = 1}, where CT[0,1] is
the set of all positive continuous functions on [0, 1] (see [9]).

Let f (%) =g (2) = ¢ and denote that

3

ft) ifte o, g(l—t) ifte]0,3]
p1(t) =1 ¢ ifte[5,2] and @o(t) =< c ift e [3,2]

g(t) ifte[31] Fa—t) ifte[21]

fi(u) ifue[0,1] gi(l—u), ifuel0,3]
P(u) =< @ if u e [%, %] and  Yy(u) = ¢ e, if ue[4,2]
gi(u) ifu e [31] Al —w), ifue[31]

By using these functions we define a degenerate kernel:

K(t,u) = 1(t)r1(u) + @a(t)¥2(u). (13)
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Then the equation (10) can be written as

1

f(t) = / (1) (u) + 2(t)t2(w)) f* (u)du. (14)
Namely,
ft) = ¢i(t) /1 Wi () [ (u)d(u) + @a(t) /1 o) f* (u)d(u) = f(t)
Put

a:/mwwwww @:/%MﬁMM-

Consequently, by taking into account f(t) = Ci¢1(t) + Copa(t) we obtain

1

a:/wmwmmm+@meM,ie&%.

0

The last equality is equivalent to

k k _ k
Cl = ( 0 > CfC(l + ( 1 ) Cf 102042 + ... + < k > CgOzk+1
k k k (15)
02 = < 0 > 05051 + ( 1 ) Cgilc’loKQ =+ ... + < k’ ) Cfak+1.
Here and below,
1 1 1
o= [ilwetdn ax= [ e @eadu, o = [ (e ),
0 0 0

@:/wwﬁwm,@z/wwﬁﬂwmwmmmﬂz/wwﬁwwm

(16)

Let x = % then the system of equations (15) can be written as
2

k e . o K (*
0 axr 1 AL 9 a3l E—1 AT k Ot q

Tr =

k e (K i [ F e o K (R
0 A1 T 1 LT 9 Q1T E_1 Qo k (051
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Namely,

Qi) = ( IS ) amm’”#(( lf ) ay, — ( g )al) AR
(D)o () (e o

Now, we can conclude the following result:

Proposition 3. Finding positive solutions of the equation (10) with the kernel (13)
is equivalent to finding positive roots of the polynomial Qy(x).

Now, we study positive solutions to the equation (10) with the kernel (13) for the
case k = 2. Let k = 2 then the system of equations (15) can be rewritten as

01 = 012051 + 20102012 + 022013
(18)

Cy = C2B1 + 2C1Co By + C3 3.

By (16) and construction of kernel one gets:

2
3 1

ay = /1¢1(u)¢§(u)d(u) = /Sfl(U)fZ(U)d(U) +/0102d(U) +/91(U)92(U)dU=

Wl

Wl
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and
az = /¢1(U)¢§(u)d(u) = /fl(u)92(1 — u)d(u) +/0102d(u)+
—i—/gl(u)fQ(l—u)d(u) = /91(1 —u)fz(u)d(u)+/6102d(u)+
+ [ 1= wg ) = [ e = .
Hence '

ay =03, az=[, a3=pi.
By taking into account x = g—; and the equality (17) we have
Qa(7) = azz® + (209 — ay)2? + (g — 2a)x — a3 = 0.
Thus, we obtain
Q2(2) = (x — 1)(asz® + (a3 + 2as — ay)x + az) = 0.

Put
D := (2as — a1 — a3)(2ay — a1 + 3as).

(19)

It is easy to check a; + ag > 2ay. Therefore, the sign of D is the same as the sign of

the expression a; — 2as — 3as.

Proposition 4. Let k = 2 and K (t,u) be the kernel which defined in (13). Then the

following statements hold:

1. If a1 < 2ay + 3as then there is a unique positive solution of (14);

2. If a1 = 2as + 3as then there are exactly two positive solutions of (14);

3. If ay > 2ay + 3agz then there are exactly three positive solutions of (14).

In the language of Gibbs measure theory we obtain:

Theorem 4. Let k = 2 and K(t,u) be the function of the Hamiltonian (4). Then

the following assignments hold:

1. If a1 < 2a9 + 3as then there is a unique translation-invariant Gibbs measure of

the model (4);

2. If ay = 2as+3agz then there are exactly two translation-invariant Gibbs measures

of the model (4);

3. If ay > 2a9 + 3asz then there are exactly three translation-invariant Gibbs mea-

sures of the model (4).
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