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Abstract

In this paper, we define a new capacity A,, on the class of sh,, functions,
which is defined by Laplace operator. We prove that A,,-capacity satisfies
Choquet’s axioms of measurability. Moreover, we compare our capacity with
Sadullaev-Abdullaev capacities. In particular, it implies that A,,-capacity of a
set F is zero if and only if E is a m-polar set.
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1 Introduction

Capacity is a set function arising in (pluri)potential theory as the analogue of the
physical concept of the electrostatic capacity. In this paper, we study capacities in C".
Capacities actively studied by many authors Sadullaev (see [1-4]), Bedford and Taylor
(see [6]), Abdullaev (see [1]), Rakhimov (see [4,8,9]) and other mathematicians. There
are several capacities in the class of subharmonic and plurisubharmonic functions in
C™: capacity of condenser, P-capacity, A-capacity (see [1-8]). Moreover, similar
capacities is defined in the class of strongly m—subharmonic (sh,,) functions and
actively studied by Sadullaev and Abdullaev (see [1]). In this work, we will define
a new capacity on the class of sh,, functions defined by Laplace operator Au =
dd°u A Bt where 8 = dd¢|z|?. Since it is a linear operator this operator is more
practical in use.

Our paper is organized as follows: in Section 2 we recall some notions and theo-
rems, and moreover, we define a new capacity and prove some of its properties. In
Section 3 we give definitions and some properties of C"-capacities defined by Sadul-
laev and Abdullaev. Finally, in Section 4 we compare our capacity with Sadullaev-
Abdullaev capacities.

2 A,,-capacity and its properties

Firstly, let us recall some definitions and results from [1|. Let D be a domain in C".
For a real function u € C?(D) the second order differential

ddu = 5" ujpdz A d

Ik
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(at a fixed point 2° € D) is a Hermitian quadratic form, where u; = aféaz; . After
7 k
approaching a general unitary transformation of coordinates, it is reduced to the

following diagonal form
ddu = S [Midz A dZ+ e+ Adzg A dZ)

where Ay(u), ..., \n(u) are the eigenvalues of the Hermitian matrix (u;z), which are
real, i.e. (Aq(u), ..., \p(u)) € R™ It’s not hard to see that

(ddu)* A B = El(n — k) H,,,(v)", Yk =1,2,...,n,

where Hy(u) = 3215 o . <nAir---Aj, s Hessian of dimention & of vector A = A(u) €
R" and 3 = dd°||z|*.

Definition 1. (see [1]) Twice smooth function u(z) € C?*(D) is called strongly m-
subharmonic at the point 2° € D, if:

(ddu)* A "% >0, VE=1,2,...,.n—m + 1.
Now let us define strongly m-subharmonic functions in a larger class

Definition 2. (see [1]) A function v € L}, (D), is called strongly m-subharmonic
(shy) in D C C", if it is upper semicontinuous and for any twice smooth strongly
m-subharmonic functions vy, ..., Uy,_1 the current dd“u A ddvy A ... A ddvy,_1 N\ B

is positive, where the current is defined as
dd®u N ddvy A ... N ddv,,—1 N B”ml (w) = /uddcvl Ao ANddvpy—1 87N ddCw

for any smooth function w with compact support in D.

The class of strongly m-subharmonic (sh,,) functions on D denoted by sh,,(D).

Let us remind that it is called strongly sh,, in the domain D, if p(z) is strongly sh,,
at every point 2° € D. Domain D C C" is called strongly m-convez, if there exists
a strongly sh,, function p(z) in a neighbourhood G of D, such that D = {p < 0}.
Let us recall the notion of m-polarity, which plays the role of null measure sets for
m-capacities.

Definition 3. The set E C D C C" s called m-polar in D, if there is a function
u(z) € shy, (D), u(z) # —oco such that u|p = —o0.

A,,-capacity. For simplicity, we work on a strongly m—convex domain D C C".
For a compact K CC D define a class of functions

Un(K,D) = {u(z) € shp(D)NC(D) : ulxg <=1, ulp <0, lim u(z) > 0}

z—0D
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and set the following quantity

AL (K, D) ::inf{/Au: uEZ/{m(K,D)}.

D

The quantity A,, (K, D) is called A,,-capacity of K with respect to D.
From now on, we write A,,(K) instead of A,,(K, D) when the role of D is not
important. The capacity A,,(K) has the following properties:

1°. A (K) is monotone, i.e. for Ki C Ky we have A, (K1) < A, (Ka).

Proof. Thanks to Ky C K, any function u, with u|g, < —1, is clearly less —1
on K;. Hence, we have U,,(K1, D) D U,,(Ks, D). Consequently, by definition we can
easily see that A,,(K7) < A, (K3).

2°. A (K) is sub-additive, i.e. Ap, (K1 U Ky) < A (K7) + A (Ka).
Proof. Clearly, if uy € Uy, (K1, D) and us € Uy, (Ko, D) then uy + us € Uy, (K, D),
where K = K; U K5. Therefore

A (K) = inf{/Au: we um(K,D)}g

< inf{/A(m +ug) i up € Up(Kq, D), uy € Mm(KZ,D)}:

= inf{/Aul - /Au2 Dur(2) € Un(Kq, D), ug(z) € Um(KQ,D)}:

Ilnf{/A'U/l Uy eum(K17D>}+
D

—I—mf{/Auz U9 € L{m(Kg,D)}: Am<K1> + Am(KQ)

D

The proof of the property is complete.

3°. A (K) is monotonic by m, i.e., A(K) < Ag(K) < ... <AL (K).

Proof. Since sh(D) = shi(D) D sho(D) D ... D shy(D) = psh(D) we have
U (K,D) DUy(K,D) D ... >U,(K, D). Hence, we deduce that

AV(K,D) < Ay(K,D) < ... < Ay(K, D).

Let us now define the external capacity in a standard way.
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Definition 4. Let E be a subset of D. The external capacity of F is
AY (E) = inf {Am(U) :U D E — open set},
where capacity of open set U C D is defined by

A (U) = sup {Am(K) K cc U}.

Now we collect the following properties of the external capacity.

4°. For any compact K CC D, the external capacity of K is equal to A,,-capacity
of K, i.e., A¥ (K) = A, (K).
Proof. For any € > 0 there exists an open set U D K, such that

AF (K) > Ap(U) — & > Ap(K) — ¢.

Letting € — 0 we obtain
AL(K) = Ap(K). (1)

On the other hand, by definition of external capacity, we have

An(K) < Ap(U)

for all U D K. For any ¢ > 0 there exists u € U, (K, D) such that [, Au <
A, (K)+¢. Take an open set K C U € {(1+¢)u < —1}. Since (1+¢)u € U,,(U, D)
we have

ALU) <AL < (1 +5)/ Au< (1+¢e)(An(K) +e¢).

So, we have
AL(K) <ALU) (1 +e)(An(K) + ).

By letting ¢ — 0 we have
ALL(K) < Ap(K). (2)

Thanks to (1) and (2) we have A* (K) = A,,,(K) for any compact set K CC D. The
proof is complete.

5°. External capacity A%, (E) is monotonic, e.i.,

Proof. Since F; C F5 we have that

A (Ey) = inf{Am(U) L U D Ez} > inf{Am(U) L U D El} = A% (Ey).
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6°. A¥ (E) is countable-subadditive, e.i. A}, (UE]> < ZA;L(E])
J J
Proof. From the deﬁnition for any € > 0 there are open subsets U; D F; such
that A, (U;) — A% (E)) < 5, 7 =1,2,.... Then

237

A;(@EQ%(@@) S s < s

By letting ¢ — 0, we get
3(Us) < X
J J
7°. For any increasing sequence of sets F/; C E;; the following equality holds

A;(U@) = lim A (E)).
J

Proof. Since E; is an increasing sequence of sets, from the previous property,
A* (Ej;) is also an increasing sequence and it has a limit as n — oco. Again, by the
monotonicity of A¥ | we have

(UE) > A* (Ey)

for all K =1,2,.... Hence

* >
Am<UE]> lim A ().
J
Now let E; C Ej;;1 be arbitrary sets j = 1,2.... Let us fix arbitrary number

e > 0. Then for every j € N there exists open set U, with U; C U;;; and such that
A(U;) — A*(E;) < 371, 5. Hence, for any k

k k k
Am<UUj> < A;(UEJ) +Z§.
j=1 j=1 j=1

From here, by letting k£ go to infinity, we obtain
A;(UEJ-) < Am(UUj> < lim A*(E;) +¢
Jj—00
J=1 J

regardless of whether capacity A (F) finite or not. Since ¢ is arbitrary, the proof is
complete.

The properties above guarantee that A’ -capacity is a Choquet capacity (see [7],
page 64).
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3 Other capacities in the class of sh,, functions

As above we fix 1 < m < n and a strongly m-convex domain D C C". Let E be a
subset of the domain D.

Definition 5 (see [1|). Consider the class of functions

U(E, D) = {u(z) € shy(D) :ulp <0,ulp < -1}

and put

w(z, E,D) =sup {u(z) : u € U(E,D)}.

Then the reqularization w* (z, B, D) = limw (w, E, D) = lim sup w(w, E, D)

wW—rz e—0 wEB(z,¢)
is called the m—subharmonic measure (Py,,-measure) of E with respect to D, where
B (a, p) is a ball centred at a and radius p > 0.

Let us now define a capacity defined by Sadullaev and Abdullaev.

Definition 6 (see [1]). Let E C D and w*(z, E, D) be its P,,-measure. Then the
integral
P, (E, D) = —/w*(Z,E, D)dV
D

is called the Pp,-capacity of the set E with respect to D.

The capacity P,,(E, D) is well studied. In particular, it is zero if and only if E is
m-polar set. It is monotonic, countably subadditive and satisfies Choquet’s axioms
of measurability (see [1]).

The more natural concept is condenser capacity, which is defined using the Hessian
as total mass of the measure (ddcw*(z, K, D))m A B,

Definition 7 (see [1]). Let K compact in D C C". The following quantity

z—0D

Cn(K, D) = inf { /(ddcu)m/\ﬂnm cu € shy(D)NC(D),ulg < —1, lim u(z) > O}
D

is called the condenser capacity (m-capacity) of (K, D).
Note that, for E C D the external capacity C (F, D) defined in a standard way.

The capacity C* (F, D) is well studied and has all the properties of capacities (see
[2]). In particular it is zero if and only if E is a m-polar set.
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4 Main result

In this section we will compare A¥ —capacity with other two capacities whose defined
in the previous section.

Theorem 1. The following statements are true:

(i) Let E C B(0,r) CC B(0,R), r < R. Then

1
(1 +a(r)(R? —r?)

where a(r) = sup w*(z, E, B(0,R)) > —
B(0,r)

Pn(E,B(0,R)),

Ay (E,B(0,r)) <

(ii) Let E C D , then there exists a constant M (D) > 0 (depending on measure of
D) such that

x/Cx (E,D) < M(D) - A% (E, D).

Proof. First of all, we will prove the first inequality (i). We can assume that £ is a
regular compact. Let p(z) = |2|? — R? and w* := w*(2, E, B(0, R)) = w(z, E, B(0, R).
For the following inequality, we use the similar steps as in [8]

/dt / (dd°p)" " A dd‘w* = /w*dc|z|2/\(ddc|z|2)”_1_

—R? (2)<t |z2|=R

_ / “(dd°|=P)" = Po(E, B0, R)).

/<R

On the other hand, we can estimate the LHS of this inequality from below:

/dt/ dd°w* A (ddp)"~t > / dt / dd°w* A (ddp)"*

—R2 p(z r2—R2 2)<r?

/ ddw* A (dd°p)"" =
p(z)<r?

") [

(2)<r

> (R* - )(1 +a(r))Ax(E, B(0,r)).

The last inequality follows due to regularity of E and £~ Eﬁfg(?) ) e U, (E, B(0,r)).

So the assertion (i) is proved.
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Now, we will prove the assertion (i7). We shall need the following claim.
Claim. Let n,m be the natural numbers with 1 < m < n. Suppose that,
A1, A, ..., Ay, are real numbers and

> A A >0

1<i<..<ip<n

forall k=1,2,....m. Then

) VI VI W
Ck:( 1+ 2—; + ) > Z PVID VTR VIl

T (n . )
1< < <tm<n
m

Proof of the Claim. We take a polynomial with roots Ay, Aa, ..., A,:

P(x):H(x—)\k) =2"+ ...+ az' + ap,
k=1

where a,,—; = (—=1)7C;. Observe that since P(z) has n real roots P’(z) has n — 1 real
roots counting with multiplicities. Note that C; > 0. Hence, (n — m)’th derivative

PO (1) = by, a™ + ...+ byt 4 by

has m non-negative roots, since b; = (=1)"7(j 4+ 1)(j + 2)...(j + n — m)C,,—; for
0<j<m-—1landb,=(m—1)(m+1)-...-n. Denote the m non-negative roots of
PU=m)(z) by 21, ..., %, counted with multiplicity. By Cauchy’s inequality we have

b m
m—1 m
‘bm 1+ ...+ x, bo
= — > Ty ... Ly = |—
m m b,

We can easily see that the last inequality is equivalent to

Ap—1\™ 1
(1) = lannl
n n
and it implies

MAdd AN 1
(2 )(n S ahen,

1<i1<...<im<n
m

Proof of the Claim is complete.
Let us now complete our proof. By using the Claim, we obtain that

|(ddew)™ A g™

RIS

1
m

n
m
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for any u € sh,,(D) N C?%*(D). Tt gives us
1 1
: /|(ddcu)mA5"—m\m < —/Au
n\ m n
D

and thanks to Favard’s inequality (see [10]) there exists a constant C' > 0 (depending
on measure of D) such that

C [ |(ddouy™ A g7 > | [ (ddewym A grom.
/ ]

D

Thus, there exists a constant C' > 0 such that

| C
_— / (ddewym A g < = / Au. (3)
() VP :

By the smooth approximation u; | w and the convergence of currents (see [1])
(ddu;)™ N B*™ = (dd°u)™ A "™ and Au; — Au, we obtain (3) for any m-
subharmonic function. It completes the proof.

0
From Theorem 1 we have the following corollary.
Corollary 1. A,,-capacity of E is zero if and only if E is a m-polar set.

Remark 1. Actually, we can obtain a similar result if we define A -capacity by using
(dd°u)* A B7F, with 1 < k < m, instead of dd°u A\ B"~L. All the above properties can
be proven by similar technique for AF -capacity. However, in this paper, our focus
is exclusively on the Laplace operator, which is linear and, therefore, deemed more
important.
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