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Abstract

In three-dimensional domain a problem of identification of recourses for
Benney—Luke type partial differential equation of the even order with integral
form conditions, spectral parameter and small positive parameters in mixed
derivatives is considered. The solution of this partial differential equation is
studied in the class of regular functions. The Fourier series method is used. Us-
ing this Fourier method, is obtained a countable system of ordinary differential
equations. So, the nonlocal boundary value problem is integrated as an ordi-
nary differential equation. When we define the arbitrary integration constants
there are possible five cases with respect to the spectral parameter. By the
aid of given additional condition, we obtained the presentations with respect
to redefinition functions. Using the Cauchy—Schwarz inequality and the Bessel
inequality, we proved the absolute and uniform convergence of the obtained
Fourier series.

Keywords: identification of sources, Benney-Luke type differential equa-
tion, Fourier method, absolute and convergence, regular solvability.
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Introduction

The theory of direct boundary and inverse boundary value problems is currently one
of the most important sections of the theory of differential equations. Studies of
many problems of gas dynamics, theory of elasticity, theory of plates and shells are
described by high-order partial differential equations. Partial differential equations
of Boussinesq type and Benney-Luke type have differential applications in different
branch of sciences (see, for example, [5, 6, 17]). Therefore, a large number of works
are devoted to the study of inverse problems for differential and integro-differential
equations (see, for example, (2, 7, 11, 13, 14, 15, 16, 18, 23, 24]). In cases where the
boundary of the flow domain of a physical process is unavailable for measurements,
nonlocal conditions in integral form can serve as additional information sufficient for
unique solvability of the problem [8]. Therefore, in recent years, research on the study
of direct and inverse nonlocal boundary value problems for differential and integro-
differential equations with integral conditions has been intensified (see, for example,
1, 3, 4,9, 10, 12, 19, 20, 21, 22|, |23]-[30]).

In this paper, we study the regular solvability of a nonlocal inverse boundary
value problem for a Benney-Luke type differential equation with spectral parameter

141



Volume 6, Issue 3 (2023)

and small positive parameters. In studying one-valued solvability and constructing
solutions, the presence of spectral parameter plays an important role.

In three-dimensional domain Q = {(¢, z, y) |0 <t <T, 0 <z, y <[} a partial
differential equation of the following form is considered

DU = a(t) 5 (2, y) (1)

with nonlocal conditions on the integral form

T
U(T,x,y>+/ Ut 2, ) dt — (e, y), 0<a,y<l, 2)
0

T
U (T, x, y)+/ U (t, z, y)tdt =pa(z,y), 0<z,y<lI, (3)
0
where T" and [ are given positive real numbers,

32 82 a2k a4k a2kz a4k
DUl = {3152 T 9t2 (Slax% T f2gak +8lay2k; _52ay4k> -

2%k 4k 2% 1k
—wQ(a _9 —I—a _ 0 )}U(ta:y)
Dk drik T gy gy )

w is positive spectral parameter, 1, €5 are positive small parameters, k is given
positive integer, a (t) € C (Qr), Qr = [0;T], Q, = [0; 1], B(z,y) € C (QF) is
known function, ¢;(z, y) (i = 1, 2) are redefinition functions, Q% = Q; x Q;, Q; =
[0; []. We assume that for given functions are true the following boundary conditions

6(0,y):ﬁ(l,y):5($,0):ﬁ($,Z)ZO.

Problem  Statement. We find the triple of functions
{U(t, x,y); p1(z,y), v2(x,y)}, first of which satisfies differential equation
(1), nonlocal integral conditions (2) and (3), zero boundary value conditions for
0<t<T
Ut,0,9)=U(t,l,y)=Ut, z,0)0=U(t 1) =

d? d? 0?2 0?2
-2 U = Ut 1, y)=—=—U(t =~ Utz )=
8x2U(’0’y> 8?[)2U(’ 7y) axQU(7x70) axQU(uxa )
02 0?2 0?2 0?2
=—U(t0 =—U(t, 1 =—=U(t x, 0 =-=U(t [)=...=
ayQ ( Y ) y) 8y2 ( Y ) y) 8y2 ( Y x7 ) ayQ ( Y x? )
a4k—2 4k—2 4k—2 84k—2
= 55U (60, y) = 55U (6 L y) = 555U (6 @, 0) = g5 U (L @, 1) =
a4k—2 4k—2 4k—2 4k—2
= WU(t,O,y) = WU(t,l,y) = WU(t,l’,O) = WU(t,.ﬁC,l) = O,
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class of functions
Ul(t, z,y) € C(Q)NCEEFQ)NC2HH+0(Q) N 020k Q) (5)

t,x,y t,x,y t,r,y

and additional conditions
U(tza Z, y):wz($7 y)7 Z:17 2a O<t1<t2<T7 ngaygla (6)
where v;(z, y) are given smooth functions and

k
CHA0(Q) is the class of continuous functions % on €2, while C7f0(2)
244k
is the class of continuous functions % on Q, Q= {(t,z,y)|0 <t <

84k 2

T,0<ux y<l},a4k2U(t T l)weunderstandasa4k2U(t T y)

1 Expansion of the solution of the problem in a
Fourier series for regular values of spectral param-
eter

Nontrivial solutions of the problem are sought as a Fourier series

where

Vpom (T, Y) =7 sin 7rl_n$ sin ?y,n, m=1,2,

We also suppose that the following functions are expand to Fourier series
- Z ﬁn,m ﬁn,m(xa y), (9)
n,m=1
where

//ﬂ 5, 9) O (3, y) dody. (10)

Substituting Fourier series (7) and (9) into partial differential equation (1), we
obtain the countable system of ordlnary differential equations of second order

t) 8
u// t +)\2k wzun " t) = a( n,m : 11
n’m( ) e 7 ( ) 1 +:u31k,m (81 +52M721k,m) ( )
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where

2k 2k
/\Qk _ Mn,m(l_’_un,m) H'k — <z>k n%—l—m% )
E N T T LR VA
The second order countable system of differential equations (11) is solved by the
variation method of arbitrary constants

Up,m (t) = A1p,m COS ()‘Z,th) + Agp m sin ()\f;mwt) + Vnm (1), (12)

where v, m (t) = Aﬂﬁ"fw o m (t), A1 n,m and As , ,are arbitrary constants,

1
1+ M?zl,gm (61 + 52#’121]?771

R m (t) = ) /0 sin ()\f%mw (t—s)) a(s)ds.

Using Fourier coefficients (8), the integral conditions (2) and (3) are written in
the following form

T
un,m<T)+/ U (£) dt =
0

— /OZ/OZ <U(T, z, y)+/OTU(t, x, y)dt) Vnm (2, y) dody =

l [
=//sal(m,ywn,m(x,y)dxdy:sam,m, (13)
0 0
/

T
un,m<T>+/ i, (D tdt =
0

1l T
= // (Ut(T, x, y)+/ U (t, x, y)tdt> Gpom(z,y) dedy =
0o Jo 0

l l
_ //%(as, W) O (2, ) dzdy = omm. (14)
0 0

To find the unknown coefficients Ay, , and A, ., in (12), we use conditions
(13) and (14) and obtain the system

Aln,m Oln,m(w) +A2n,m02n,m(w):§001n,ma (15>
Aln,m gSn,m(w) +A2n,m04n,m(w) = QYo2n,m
where i ( i ) ( i )
Apmw cos (2Ay LwT) +sin (2A5 ,wT
Uln,m(w) = ’ 7)\]6 w
— cos (2)\fZ mw T) + Ak w sin (2)\5Z mwT) +1
U2n,m(w): ’ )\k;’ w : )
— A awT cos (2AE LwT) — X wT + [1 + (/\f%mw)Q] sin (2AF . wT)
03n,m(w) -

(A w)’
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[1 + ()\fhmw)Q] cos (ZAﬁ?mwT) + Ab wT sin (20F  wT) —1
(M)

T
Poin,m = Pln,m — <7n,m<T)+/ ’}/n,m(t)dt) )
0

O4n,m (w> -

Y

T
Yo2n,m = P2n,m — (f}/n’m(T>+/ ’)/Inﬂn(t>tdt> .
0
The system (15) unique solvable, if the following determinant is nonzero
O5n,m (W) =O01n,m (W) *O04n,m (W) - U2n,m(w) *03n,m (W) 3& 0.

To uniquely determine Ay, , and As, , from system (15), we calculate the
values of the spectral parameter w presented in the coefficients o, m (w), i =1, 4.
The coefficients Oinm (w) , 1= 1,_4 can go to zero for some values of the parameter
w from the positive semi-axis (0; o) .

1. We assume that o1, ., (w) = 0. Then we obtain

/\fL’mw cos (QAZ’mw T) + sin (2)\ﬁ’mw T) =0.

Hence, we have a trigonometric equation tan (2/\ fL7mw T) = -\ ﬁ,mw with respect
to parameter w. So, the condition 01, ,(w) = 0 and a trigonometric equation
tan (QAﬁ,mw T) = —)\27 nW are equivalent.

2. Let 094, m (w) = 0. Then we have a trigonometric equation
cos (2A,’27mwT) - )\f%mw sin (2AfL7mwT) =1.
3. When 03, m (w) = 0, we come to the following trigonometric equation
—)\fl’mwT cos (2)\ﬁ7mwT) + [1 + ()\me)z] sin (QAIT“L,mwT) = )\fl’mwT.
4. If we put 045, m (w) = 0, then have a trigonometric equation
[1 + ()\fhmw)ﬂ cos (2)\ﬁ7mwT) + )\fljmwT sin (2)\ﬁ7mw T) — 1.

The set of all values of the spectral parameter w, consisting of positive solutions
of trigonometric equations o, ., (w) = 0, we denote by A, respectively, i = 1, 4.
It easy to prove, that A; NA; =0, i,j =1,4, ¢ # j. For example, we show
that A1 N Ay = (). In this order we assume, that 1, , (W) = 6apm(w) = 0. By

virtue of our assumption, we have o? , (w)+ o3, ,,(w) = 0. Hence, we obtain a
trigonometric equation

Ak AE w) 42
= cos (2)\fumw T) - n,mt sin (2)\§’mw T) = ( = ne) +
1+(Aﬁ7mw)2 1+(Aﬁ7mw)2 2 1+(/\$L7mw)2
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and this equation should have a solution. As you know, this trigonometric equation is
solvable, if right-hand side of this equation lays in the interval [—1; 1]. But, we show that

k 2
(AL mev) 2 > 1. Indeed, 2+ A% w?>2,/1+ Ak w2 Both sides of the inequality

2\ /1+(AE 0)?

are greater than one. Therefore, they can be squared both sides:
k 2) 2 k 2 k 2 k 2) 2 k 2
(2 AR w ) >4 (1 AR w ) S A+ arE Wy ()\n’mw ) SA44+40E W

()\ﬁymw)2+2
24/1+(Ak 0)°
equation has no any solution. Therefore, our assumption o1, m (W) = 025, m (w) = Ois
not true. In other cases, this statement is proved similarly. Consequently, there are val-
ues of the parameter w, for which o5, m(w) # 0. We introduce the denotation A5 =

(0; 00) \ (U?:1 Aj> . It is possible there five cases: 1) 01y, m (W) =0;2) 02pn,m (w) =0; 3)
03n,m (W) =0;4) capnmWw)=0;5) 0jnmw)#0, j=1,4.

Solve the system of algebraic equations (15). Then from presentation (12) we derived
that

or ()\,217mw2)2 > (. Hence, we obtain that > 1. So, this trigonometric

Brn,m

k
)\nymw

E]n,m(t)a WEAJ', J:ﬁa
(16)

un,m(t) = Soln,mBjn,m(t) +902n,mcjn,m(t) +

where Fourier coefficients (3, ,, are defined by the presentations (10),

T
Ejnm@)=hnm(t)—Bjnm(t) [/0 hnym(t)dt%—hn,m(T)]—

—Cn,m () [/OTh’n,m(t)tdt—kh’n’m(T)] ,

B (t) = sin (Aﬁymwt) B O 4n,m (w) cos ()\fljmwt)’ Crnm () = coS (Aﬁjmwt) ’

Ton,m (W) T2nm (W) O3nm (W) T3n,m (W)

cos (x\ffhmwt) Ugn’m(w) sin ()\fhmw t) sin (/\ffhmw t)

Boym (1) = ) n,m (t) = ’
2n, () Uln,m(w) Uln,m(w) a4n,m(w) 2 () J4n,m(w)
5 o S8 (AF awt) o o= sin (A}, wt)  Gan,m(w)cos (A} ,wt)
0= @ 0T @) @) dunm @)
B /) = sin ()\ﬁ,mwt) C £ — COs (AZ,th) Uln,m(w) sin ()‘fz,mwt)
(0= @ GO T @ v @) s (@)
1
B )= s [ounm (@) con (M pot) — 03 (@) sin (A eot) ]
1
Csn,m (t) = m [_U2n,m<w) cos (AZ,th> + 0 1n,m (w) sin ()‘Z,th>] )

O'Sn,m(w) = Uln,m(w) U4n,m(w) - UZn,m(“) U3n7m(w) 7é O, w e A5-
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Substituting the presentation of Fourier coefficients (16) of main unknown function into
Fourier series (7), for values of parameter w € A (j =1, 5) we obtain

Ult,z,y) = Y On,m(z, y)x

n, m=1

Ejn,m(t)

i =1, 5. 17
AE , j=1, (17)

X (Pln,mBjn,m(t) +(P2n,m0jn,m(t) +6n,m

Fourier series (17) is a formal solution of the direct problem (1)-(5).

2 Redefinition functions

Using the additional conditions (6) and taking into account (9) and (10), for regular values
of parameter w € A (j =1, 5) we obtain from Fourier series (17) following linear system
of countable system for Fourier coefficients of redefinition functions

(Pln,mBjn,m(ti) + @Yon,m Cjn,m(ti) = Tijn,m, 1=1, 2, (18)
where g ()
. t: .
Tijn,mquin,m_ﬁn,m%v ]Zla 57 (19)
n,m
l l
Vinm = [ [ 0o ) O o, ) ddy, =12 (20)
0 JO

The system of algebraic equations is solvable, if following determinant is nonzero:

Bjn,m(tl) ijﬂ%(tl)

Binm(ts) Cramltz) |7 (21)

Ajn,m = ‘

If the nonzero condition (21) is fulfilled, then from the system (18) we obtain

1
Pln,m = A [TZn,mBjn,m(tl) - Tln,mBjn,m(tQ)] s
jn,m
1 .
Pon,m = A [Tln,ijn,m(tZ) - TQn,mBjn,m(tl)]7 Jj=15
jn,m

or substituting (19) into last relations, we obtain the following presentations

Cinym = Vin,mXiln,m +V2n,mXi2n,m + Bn,mXisn,m, =1, 2, (22)
where ) )
X1ln,m = _mBjn,m(t2)7 X12n,m = mBjn,m<tl)a
onn = S (Binn(®2) Bjnm (4) = Bjnn(8) Einm (1)
X21n,m = ﬁcjn,m(tQ)a X22n,m = _A;Cjn,m(tl)a
jn,m n,m
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1

mwA]n7m

X23n,m = 37 [Cn,m(t1) Ejnm (t2) = Cjn,m(t2) Ejnm (t1)], j=1,5.

Since @ in,m are Fourier coefficients (see (13) and (14)), presentations (22) we substitute
into Fourier series

)
Z Pin,m ﬂn,m(l’a y), 1= 17 2
n,m=1

and obtain

Pi ($ y Z ﬁn m(x y) [¢zln m Xiln,m +’¢2n m Xi2n,m +6n m X i3n, m] (23)

n,m=1

We prove absolutely and uniformly convergence of Fourier series (23) in the domain 2.
We use the concepts of the following well-known Banach spaces. Hilbert coordinate space
{3 of number sequences { ¢ m },, .- With norm

o0

2
loll, =] D lenml* <o

n,m=1

The space Lo (QlQ) of square-summable functions on the domain Ql2 = Q; x Q,; with

norm
U pl
||z9<x,y>||L2(Q;)=\///|ﬁ<x,y>|2da:dy<oo.
0 JO

Conditions of smoothness. Let for functions

Q,Z)Z'(QZ, y)7 /8('%‘7 y) € C4k (QlQ)a 1=1,2

in the domain QIQ there exist piecewise continuous 4k + 1 order derivatives.
Then by integrating in parts the functions (10) and (20) 4k + 1 times over every variable
E, y, we obtain following relations [23]

N )wlikjnz)) 1\ B2 ‘58k+2)‘
| Yin,m| = . W72_12‘6nm‘_ p ARy, Ak41 (24)

(8k+2) 2 || 9% 2yy(x, y) :
| w2 | <H L i=1,2 (25)
0 = 1| otk gyth+T .(97)
H ﬂ 8k+2 ‘ < g 88k+25 (CL’, y) ’ (26)
0 = 1 || 2R H1g g+l 12(08)

where

l l 8k+2
(8k+2) _ O™ i(x, y) .
v = [ i fnmle, ) dady, i=1,2

0% *2B(x, y)
8k+2)
( " // O pth+1 g yth+1 Un,m(z, y)dz dy.

For regular values of parameter w € A ; (j =1, 5) we prove that there holds
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Theorem 1. Suppose that the conditions of smoothness, nonzero condition (21) and
following condition are fulfilled:

o0 = max {[x1inml5 [X2inml5 [Xsinml} <00, i=1,2 (27)

Then Fourier series (23) convergence absolutely and uniformly for regular spectral values
from the numerical set w € A ; for each j =1, 5 and all possible n and m.

Proof. We use formulas (24)-(26) and estimate (27). Using the Cauchy-Schwartz
inequality for series (23), we obtain the estimates

00
’@i(x7 y)‘g Z ’ﬁn,m<mv y)‘ ’ ’wln,mXIin,m+w2n,mX2in,m+62n,mx3in,m’S
n,m=1
2 > - =
Sjo'i Z ‘wln,m’"i‘ Z ‘¢2n,m|+ Z lﬁn,m’ <
n,m=1 n,m=1 n,m=1
8k+2) (8k+2 (8k+2)

2 (1% ‘¢§nm \wZ : > ‘B ‘
=7\= 0 Z o e Z n4k+1m4k+1+ > R T | S
n,m=1 n,m=1 n,m=1

2 1\ (8k+2) (8k+2) k
O N e TR T
™ L2 2
< [H 9% +24y (x, y) I CATYCN) L[| 2% y)
=714 9 pdk+19 ,4k+1 9 pdk+19 ,4k+1 9 4k+19 ,,4k+1
Oatt oy gy N 02Oy g2y (| &Py | ) g2
(28)
where
92 2 l 8k+2 0 1
71i20i001<l> <7r> ;=12 Co1= ZlnéSk+27nBIc+2<oo'
n, m=

From estimate (28) implies the absolutely and uniformly convergence of Fourier series
(23). The theorem 1 is proved.

3 Main unknown function

We determined the redefinition functions as a Fourier series (23). So, redefinition functions
are known. Using representations (22), Fourier series (17), the main unknown function we
can present as

U(t x, y Z 1971 m :L‘ y) [wlnmwljnm( )+w2n,mw2jn,m(t)+Bn,mW3jn,m(t)]a
n, m=1

(29)
where
Wijn,m (t) = Xlin,mBjn,m (t) + X2in,ijn,m (t), 1= 17 27

E; t .
W3jn,m(t) = X13n,mBjn,m(t) +X23n,mcjn7m(t) + )\]kn,m()’ ] = 1, 5.
n,mw
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To establish the uniqueness of the function U (¢, x, y) we suppose that there are two
functions U; and Uj satisfying the given conditions (1)-(6). Then their difference U =
Uy — Us is a solution of differential equation (1), satisfying conditions (2)-(6) with functions
Yi(z, y) =0 (i = 1, 2). By virtue of relations (10) and (20) we have ¢, ,m =0 (i =1, 2).
Hence, we obtain from formulas (8) and (29) in the domain €2, that there follows the following

zero identity
Ul
0 Jo

Hence, by virtue of the completeness of the systems of eigenfunctions { \/? sin T+ x} )

{ \/§sm %y} in Ly (Q}) we deduce that U (¢, z, y) = 0 for all z € QF = [0, []? and
teQr= [0; T] .

Therefore, for regular values of spectral parameter w the function U (¢, x, y) is unique
solution of differential equation (1) with conditions (2)—(6), if this function exists in the
domain 2.

Theorem 2. Let the conditions of the theorem 1 be fulfilled. Then for regular values
of spectral parameter w € A ; (j = m) the series (29) converge. At the same time, their
term by term differentiation is possible.

Proof. By virtue of conditions of the theorem 1, the functions Wiy m (1), @ =
1,3, j =1, 5 uniformly bounded on the segment [0; 7. So for any positive integers n, m
there exist finite constant Co, that there takes place the following estimates

. < .
s { s g, W ) g g, [ Wi O]} < Cone 00

Using estimates (24)-(26) and (30), analogously to the estimate (28), for series (29) we
obtain

Uz, )< D> [Fnm @ 9] [ 10m Wijnm (£)+

n,m=1

+¢2n,mW2jn,m(t) +ﬁn,mW3jn,m(t)| S

0%+ (2, y) A s YCN) o by,
O ptk+19 Akl La(0?) O 24k +19 y2k+1 Ly(02) 9 k410 yak+1 L2(27)
31
o\ 2 (1 \8k+2 o
where v = Co1 Co2 (2)” (%) :

Function (29) differentiate the required number of times

Utt(txy Z ﬁnmxy)[q/)lnm lgnm()+¢2nm 2jnm()+5nm 3]nm(t)]v

n,m=1
(32)
o4k © n 41@19
WU(t’ T, y) = n;l (T) n,m (T, Y)x
X [Ipln,m len,m (t) + ¢2n,m W2jn,m (t) + ﬂn,mWSjn,m (t)] ) (33)

150
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o4k > Tm\ 4k
WU(t’ T, y) = n;I (T) Un,m (@, y)x
X W)ln,mwljn,m(t)+¢2n,mW2jn,m(t)+Bn,mW3jn,m(t)]~ (34)

The expansions of the following functions into Fourier series are defined in the domain
Q% in a similar way
84k+2 a4k+2
7U t? 1’7 Y 0190 Ak
geraewl b0 Giagya

The convergence of series (32) is proved similarly to the proof of the convergence of series
(29). Let us show the convergence of series (33) and (34). Taking into account formulas
(24)-(26) and (30) and applying the Cauchy-Schwarz inequality, we obtain:

Ul(t, x,y).

| (EY ™ P n®) 19 )| <

WU(t,x,y)‘g Z

n,m=1

> Ty 4k
S Z ( I ) ’ﬁn,m(xa y)"’wln,mwljn,m(t)+w2n,mW2jn,m(t)+B2n,mW3jn,m(t)’S

n,m=1
2 s 4k © sk 0 " oo "
<7(7) Co | X M liamlt 30 ¥ anml+ 3 0|l | <
n, m=1 n,m=1 n, m=1
(8k+2) 8k+2) (8k+2)
2 l Ak+2 ‘wl ‘ ‘wénm ‘/8 ’
=7\ Co2 Z AT T Z AR Z R | S
n, m=1 n,m=1 n,m=1

S % (fr)4k+2 ConCon [le(ik:f ‘

[H 68k+2w1 (z, )

_i_H%BkH ’

+HB (8k+2) ‘

<
Lo

OB T2B (z, y)

9% 24y (z, y) ”
Lafap) || 92Ty

Lg(Qf) H ax4k+18y4k+1

] .
La(97)

O 21 Ak +T YR
(35)
2 4k+2
where 73 = (7)° (£)" CnCos, Cos = /0% 1 s < 00
ot tan|< X () lunn O] 1m0 <
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2 s 4k i~ Ak o0 " %) "
<23 o | X w3 m Y m | Gunl| <
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OB (z, y)

+ 8x4k+18y4k+1

L2(Q12)

2 4k+2
where v4 = (2)" (1) C02C0s, Cos= \/Zqi?m:l e, < 0.

The convergence of Fourier series for functions

[H 88k+2w1 (z, )

88k+2¢ 2 (.f, y)
$4k+16 y4k+1

O rik+1H y4k+1

] .
LQ(QIQ)
(36)

|

a4k+2 84k+2
—U(t, 2, y), =—=—U (¢, x,
gzl b ) gl (@ y)
is easy to prove, and the necessary estimates are obtained in a similar way as was done for
the cases of estimates (31), (35), (36) in the domain Q. Therefore, the function U (¢, x, y)
belongs to the class of functions (5). Theorem 2 is proved.

4 Stability of the solution U (¢, x, y) with respect to
functions ¥ (z, y), Yoz, y)

Theorem 3. Suppose that all the conditions of theorem 2 are fulfilled. Then, the function
U (t, xz, y) as a solution of the problem (1)—(6) for regular values of the spectral parameter
weA; (j = ﬁ) is stable with respect to given integral functiony (z, y), ¥a(z, y).

Proof. We show that the solution of the mixed differential equation (1) U (¢, x, y) is
stable with respect to a given functions ¥4 (z, y), ¥a(z, y). Let Uy (¢, x, y) and Uz (¢, x, y)
be two different solutions of the inverse boundary value problem (1)-(6), corresponding to
two different values of the function v 11(x), ¥ 12(x) and 1 21(x), 1 22(x), respectively.

We put that max {| wlln,m - z;ZJIQn,m | ; |¢21n,m - 11}22n,m ‘} < 5n,m ,where 0 < 5n,m
is sufficiently small positive quantity and the series > >, |0pn,m | is convergent. Then,
taking this fact into account, by virtue of the conditions of the theorem, from the Fourier
series (29) it is easy to obtain that

2
|UL(t, z, y) = Ua(t, , Z/)Ho(ﬁ)ﬁjcm Z Y 11n,m —Y12n,m |+ V21n,m — V22 m|] <

n,m=1
2 oo
< 7002 Z ’5n7m ’ < 00.
n,m=1
If we put € = 2C g2 D00 "m=110n,m | < oo, then from last estimate we finally obtain

assertions about the stablhty of the solution of differential equation (1) with respect to a
given functions 11 (x, y), ¥2(z, y). The theorem 3 is proved.

Remark. Analogously one can prove that the function U (¢, z, y) as a solution of the
problem (1)—(6) for regular values of the spectral parameter w € A; (j =1, 5) is stable
with respect to given small parameters €1, €s.
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