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Abstract

We consider stable type p Banach spaces. We extend results known for
independent random variables to the mixing random variables.

In particular we prove moment in equalities, low of large numbers and almost
sure convergence of the series in the case of mixing random variables.

Keywords: Rademacher type p Banach space, a stable type p Banach space,
mixing condition, law of large numbers, random series.
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Introduction
Limit theorems for random variables with values in Banach spaces were studied by
many authors (see for instance [2, 3, 5], [11]-[17], [19]-[25] and references therein).
In particular such limit theorems are important in functional data analysis and in
mathematical statistics. It is known that many statistical estimators can be expressed
as a function of sums of Banach space-valued random variables and limit theorems in
Banach spaces allow us to investigate asymptotic properties of statistical estimators.

Validity of limit theorems in Banach space depends on geometrical structure of
the space. As consequence of this fact there are several types of Banach spaces, see
for instance [23]. In this paper we will consider two types of the Banach spaces.
Namely, we will consider Rademacher type p and a stable type p Banach spaces.

Let B be a separable Banach spaces with a norm ‖ · ‖ and {Xn, n ≥ 1} be a
sequence of independent random variables with values in B. Now we will give a
definition of Rademacher type p Banach space.

Definition 1. We say that B is Rademacher type p (1 ≤ p ≤ 2) Banach space if for
any finite collection of B−valued independent random variables X1, X2, ..., Xn with
EXi = 0, E ‖Xi‖p <∞ there exists a constant C = C(p, B) > 0 such that

E

∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥
p

≤ C
n∑
i=1

E ‖Xi‖p .

Obviously any separable Banach space is Rademacher type 1 space. Lp, lp spaces
are Rademacher type 2 Banach spaces for p ≥ 2 and Lp, lp are Rademacher type p
spaces if 1 ≤ p ≤ 2. c0 space is not Rademacher type p space for any p ∈ (1, 2].
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By θ we denote a real valued stable random variable with characteristic function

E exp(itθ) = exp (− |t|p)

{θi, i ≥ 1} is a sequence of independent copies of θ.
Now we give a definition of stable type p Banach spaces.

Definition 2. We say that B is a stable type p (0 < p ≤ 2) Banach space if for
each q < p there exists a constant C > 0 such that for all integers n and any
x1, x2, ..., xn ∈ B the following inequality holds(

E

∥∥∥∥∥
n∑
i=1

θixi

∥∥∥∥∥
q)1/q

≤ C

(
n∑
i=1

‖xi‖p
)1/p

. (1)

There are several equivalent definitions of Rademacher type p and stable type p
Banach spaces (see [15], [23]). The following facts are known (see [15, 23, 17, 19]):

1) Separable Banach space B is of stable type p for all p ∈ (0, 1).

2) For 1 ≤ p ≤ 2, B is of stable type p if and only if B is of Rademacher type p1
for some p1 ∈ (p, 2].

3) B is of stable type 2 if and only if B is of Rademacher type 2.

Consequently:

4) If B is of stable type p for some p ∈ [1, 2], then B is of Rademacher type p.

5) If B is of stable type p for some p ∈ [1, 2], then B is of stable q for all q ∈ (0, p).

6) If B is of stable type p for some p ∈ [1, 2), then B is of stable q for some
q ∈ (p, 2].

It is known that B is of stable type p if and only if for all sequences x1, x2, ... of

elements of B such that
∞∑
i=1

‖xi‖p <∞ the series

∞∑
i=1

θixi

converges almost surely, see [23].
If B is of stable type p, then for independent random variables ξ1, ξ2, ..., ξn with

characteristic functions exp (−αi |t|p), i = 1, 2, ..., n and any x1, x2, ..., xn ∈ B the
following inequality holds (see [23])(

E

∥∥∥∥∥
n∑
i=1

ξixi

∥∥∥∥∥
q)1/q

≤ C

(
n∑
i=1

αi ‖xi‖p
)1/p

(2)

107



Volume 6, Issue 2 (2023)

where q < p and C = C(q) > 0.
By {ri, i ≥ 1} we denote Rademacher sequence, i.e. {ri, i ≥ 1} is a sequence of

iid random variables with P (ri = ±1) = 1
2
.

Now we will formulate some known results for the case of independent random
variables.

Theorem 1 ([23, 24]). The following properties of a Banach space B are equivalent,

(i) The space B is of Rademacher-type p;

(ii) If (Xi) is a sequence of independent, zero-mean random vectors in B, then the
condition

∞∑
i=1

Eφp (‖Xi‖) <∞, φp(t) := min {tp, t} , t ≥ 0,

implies the almost sure convergence of the random series
∑
i

Xi;

(iii) If (Xi) is a sequence of independent, zero-mean random vectors in B, then the
convergence of the series

∑
i

E ‖Xi‖p implies the almost sure convergence of the

random series
∑
i

Xi;

(iv) For any (xn) ⊂ B with
∑
i

‖xi‖p < ∞, the random series
∑
i

rixi converges

almost surely, and in Lp.

Next theorem is related to the almost sure convergence of some special random
series in spaces of stable-type p.

Theorem 2 ([23, 17]). Let 1 ≤ p < 2. The following properties of a Banach space B
are equivalent:

(i) The space B is of stable-type p;

(ii) For any sequence (xi) ⊂ B with
∑
i

‖xi‖p <∞, and any sequence of independent

and identically distributed p−stable random variables (θi), the series
∑
i

θixi

converges almost surely, and in Lq, if q < p;

(iii) For any bounded sequence (xn) ⊂ B, the series
∑
n

n−1/prnxn converges almost

surely;

(iv) For any bounded sequence (xn) ⊂ B, there exists a choice of εn = ±1, such that∑
n

n−1/pεnxn converges.

Theorem 3 ([23, 24]). Let p ∈ (1, 2]. The following properties of a Banach space B
are equivalent:

(i) The space B is of Rademacher-type p;

108



Bulletin of National University of Uzbekistan: Mathematics and Natural Sciences

(ii) For each sequence (Xn) of independent, zero-mean random vectors in B, the
convergence of the series

∑
n

n−pE ‖Xn‖p implies that

lim
n→∞

X1 +X2 + ...+Xn

n
= 0, a.s.;

(iii) There exists a constant C > 0 such that, for each finite sequence (xi) ⊂ B,

1

n
E

∥∥∥∥∥
n∑
i=1

rixi

∥∥∥∥∥ ≤ C

(
n∑
i=1

‖xi‖p

ip

)1/p

;

(iv) There exists a constant C > 0 such that, for each finite sequence (Xn) of inde-
pendent, zero-mean random vectors in B,

1

n
E

∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ ≤ C

(
n∑
i=1

E ‖Xi‖p

ip

)1/p

.

Theorem 4 ([23, 16]). Let 1 ≤ p < 2. The following properties of a Banach space B
are equivalent:

(i) The space B is of stable-type p;

(ii) For each sequence (Xn) of symmetric, independent, and identically distributed
random vectors in B,

lim
n→∞

1

n1/p

n∑
i=1

Xn = 0,

in probability, if, and only if,

lim
n→∞

nP
(
‖X1‖ > n1/p

)
= 0.

Theorem 5 ([23]). Let 1 ≤ p ≤ 2. The following properties of a Banach space B are
equivalent:

(i) The space B is of stable-type p;

(ii) For any sequence (xi) ⊂ B, such that
∑
i

i−p ‖xi‖p <∞, and each sequence (θi)

of independent and identically distributed p−stable random variables,

lim
n→∞

1

n

n∑
i=1

θixi = 0, a.s., and also in Lq, q < p;

(iii) There exists a constant C such that, for any (xi) ⊂ B, and (θi), as above,

1

n

E ∥∥∥∥∥
n∑
i=1

θixi

∥∥∥∥∥
p/2
2/p

≤ C

(
n∑
i=1

i−p ‖xi‖p
)1/p

.
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Theorem 6 ([23]). Let 1 ≤ p < 2. The following properties of a Banach space B are
equivalent:

(i) The space B is of stable-type p;

(ii) For each bounded sequence (xn) ⊂ B,

lim
n→∞

1

n1/p

n∑
k=1

rkxk = 0, a.s.;

(iii) For each bounded sequence (xn) ⊂ B there exists a choice of εi = ±1 such that

lim
n→∞

1

n1/p

n∑
k=1

εkxk = 0.

Only few of above results were extended to the case of mixing random variables.
For the sequence {θi, i ≥ 1} mixing coefficients are defined as following

ψ(k) = sup

{
|P (AB)− P (A)P (B)|

P (A)P (B)
: A ∈ F n

1 , B ∈ F∞n+k, n ∈ N, P (A)P (B) > 0

}
where F b

a is a σ− field generated by random variables θa, ..., θb.
We say that the sequence {θi, i ≥ 1} is ψ−mixing, if lim

n→∞
ψ(n) = 0.

Denote Sn =
n∑
i=1

Xi.

In [21] the following theorem was proved for weakly dependent random variables.

Theorem 7. Let {Xn, n ≥ 1} be a sequence of random variables with values in B,
for which the following conditions hold

EXk = 0, E ‖Xk‖p <∞, k = 1, 2, ..., 1 ≤ p ≤ 2

ψ =
∞∏
k=1

(1 + ψ(k)) <∞, ψ(1) < 1.

Then following statements are equivalent:

1) B is of Rademacher type p space;

2) there is a constant C(B, p, ψ) such that for any sequence {Xn, n ≥ 1} satisfy-
ing the conditions of the theorem, we have

E ‖Sn‖p ≤ C(B, p, ψ)
n∑
k=1

E ‖Xk‖p ; (3)
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3) for all sequences {Xn, n ≥ 1} satisfying the conditions of the theorem and

∞∑
k=1

k−pE ‖Xk‖p <∞,

the strong law of large numbers holds, that is, as n→∞

1

n
Sn → 0 a.s.

1 Main results
In this section we will give our main results. Our main goal is to extend some of the
results for independent random variables given above to the case of ψ−mixing random
variables. Such theorems allow us to investigate sums of Banach space-valued stable
random variables. Sums of weakly dependent real valued stable random variables
were studied in [1], [6]-[10], [18].

Our main results are following theorems.

Theorem 8. Let {θi, i ≥ 1} be a ψ−mixing sequence of random variables with char-
acteristic functions

fθi(t) = exp (−αi |t|p) , αi > 0

and assume that

ψ =
∞∏
k=1

(1 + ψ(k)) <∞.

Then for any elements x1, x2, ..., xn of stable type p Banach space B there exists
a constant C = C(B, ψ, q) such that(

E

∥∥∥∥∥
n∑
i=1

θixi

∥∥∥∥∥
q)1/q

≤ C

(
n∑
i=1

αpi ‖xi‖
p

)1/p

.

Theorem 9. The following statements are equivalent:

1) B is a stable type p Banach space.

2) For any sequence {xi, i ≥ 1} of elements of B such that

∞∑
i=1

‖xi‖p <∞ (4)

and any sequence {θi, i ≥ 1} of ψ−mixing identically distributed p−stable ran-
dom variables with characteristic function fθi(t) = exp (− |t|p) and

∞∑
k=1

ψ(k) <∞, ψ(1) < 1
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the series
∞∑
i=1

θixi

converges almost surely and in Lq q < p.

3) For any bounded sequence {xn, n ≥ 1} of elements of B and any sequence
{rn, n ≥ 1} of ψ−mixing random variables with

P (rn = ±) =
1

2
, n = 1, 2, ...

∞∑
k=1

ψ(k) <∞

the series
∞∑
n=1

rn
n1/p

xn

converges almost surely.

4) For any bounded sequence {xn, n ≥ 1} of elements of B there exists a choice
of εn = ±1 such that the series

∞∑
n=1

εn
n1/p

xn

converges.

Theorem 10. Let B be a stable type p (1 ≤ p ≤ 2) Banach space and {Xi, i ≥ 1}
be a sequence of symmetric, identically distributed ψ−mixing random variables with
values in B. Assume that the following conditions hold

∞∑
k=1

ψ(k) <∞,

lim
n→∞

nP
(
‖X1‖ > n1/p

)
= 0. (5)

Then as n→∞
1

n1/p

n∑
i=1

Xi → 0 in probability.

In the following proposition we slightly improve the statement 2) of Theorem 9.

Proposition 1. Let θ1, θ2, ..., θn be a finite sequence of stable random variables with
characteristic functions

fθi(t) = exp (−αi |t|p) , αi > 0
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and

ψ =
n∏
k=1

(1 + ψ(k)) <∞, ψ(1) < 1

and B is of stable type p Banach space.
In addition if

n∑
i=1

αpi ‖xi‖
p <∞.

Then the series
∞∑
i=1

θixi (6)

converges almost surely.

2 Proofs of theorems
Proof of Theorem 8. We will use the following lemma.

Lemma 1 ([25]). For any sequence {Xn, n ≥ 1} random variables with ψ−mixing
and with values in B there is a sequence {Yn, n ≥ 1} of independent random variables
with values in B such that Xk and Yk are identically distributed for k = 1, 2, ... and
the following inequality holds

|P (Sn ∈ A)− P (Zn ∈ A)| ≤
n∏
k=1

(1 + ψ(k))P (Zn ∈ A) ,

where Zn = Y1 + Y2 + ... + Yn and A is any Borel set in B.

Denote by Sn =
n∑
i=1

θixi and Zn =
n∑
i=1

θ′ixi where {θ′i, i ≥ 1} is a sequence of

random variables satisfying conditions of Lemma 1.
From Lemma 1 it follows that

|P (‖Sn‖ > x)− P (‖Zn‖ > x)| ≤
n∏
k=1

(1 + ψ(k))P (‖Zn‖ > x) ,

where Zn = Y1 + Y2 + ... + Yn, Yk = θ′kxk.
Using the last inequality, we get

|E ‖Sn‖q − E ‖Zn‖q| =
∫ ∞
0

ptp−1 (P (‖Sn‖ > t)− P (‖Zn‖ > t)) dt ≤

≤
∫ ∞
0

ptp−1 (P (‖Sn‖ > t)− P (‖Zn‖ > t)) dt

≤
∫ ∞
0

ptp−1ψP (‖Zn‖ > t) dt = ψE ‖Zn‖q ,
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from here and from (1), taking into account that Xk and Yk are identically distributed
for k = 1, 2, ... we have

E ‖Sn‖q ≤ (1 + ψ)C(B, q)E ‖Zn‖q ≤ C(B, q, ψ)

(
n∑
k=1

αpk ‖xk‖
p

)q/p

.

where ψ =
n∏
k=1

(1 + ψ(k)).

The latter implies the statement of the theorem. Theorem is proved. �
Proof of Theorem 9. We first prove 1)⇒ 2).
From the inequality (

E

∥∥∥∥∥
n∑
i=1

θixi

∥∥∥∥∥
q)1/q

≤ C

(
n∑
i=1

‖xi‖p
)1/p

where C = C(q, ψ, B), 0 < q < p it follows that

E

∥∥∥∥∥
n∑
i=1

θixi

∥∥∥∥∥
q

<∞.

The latter and (4) imply the convergence of

∞∑
i=1

θixi in Lq, q < p (7)

(7) implies convergence of
∞∑
i=1

θixi

in probability.
It remains to use the following lemma.

Lemma 2. Let {Xn, n ≥ 1} be a sequence of random variables with values in the
Banach space B. Assume that ψ(1) < 1. Then following statements are equivalent:

1)
∞∑
k=1

Xk converges in probability;

2)
∞∑
k=1

Xk converges with probability 1.

Lemma 2 was proven in [4] (Theorem 2.1.12, pp. 13-14) for one-dimensional
random variables, but the proof also holds in the case of random variables with
values in Banach spaces, see also [21].
Now we prove 1)⇒ 3). We will use the following lemma.
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Lemma 3. Let B be a separable Rademacher type p Banach space. Suppose that
{Xn, n ≥ 1} is a ψ−mixing sequence of B−valued random variables with

EXi = 0, E ‖Xi‖p <∞,

∞∑
k=1

ψ(k) <∞,

∞∑
i=1

E ‖Xi‖p <∞.

Then the series
∞∑
i=1

Xi

converges almost surely.

Proof. The proof of this lemma almost the same as the proof of implication (i)⇒ (ii)
in the Theorem 1. It needs to use Theorem 7, more exactly inequality (3).

A space B is a stable type p and Rademacher type q for some q > p. Since

∞∑
n=1

‖xn‖q

nq/p
<∞

from Lemma 3 follows that the series
∞∑
n=1

rn
n1/p

xn

converges almost surely.
An implication 3)⇒ 4) is obvious. An implication 4)⇒ 1) is proved in Theorem 2.
The theorem is proved. �
Proof of Theorem 10. We will use the fact that if B is stable type p, then it is
Rademacher type q, for some p < q < 2. We will use a method of proof of Theorem
1 [23] and give full proof for completeness.

Set
X̄k = XkI

(
‖Xn‖ ≤ n1/p

)
,

Yn =
n∑
k=1

X̄k, Dn =

{
n∑
i=1

Xi = Yn

}
where I(·) is an indicator function.
We have

P

(
1

n1/p

∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ ≥ ε

)
= P

(∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ ≥ εn1/p

)
≤
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≤ P

(∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ ≥ εn1/p, Dn

)
+ P

(∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ ≥ εn1/p, D̄n

)
≤

≤ P (Dn)P

(∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ ≥ εn1/p

/
Dn

)
+ P

(
D̄n

)
P

(∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ ≥ εn1/p

/
D̄n

)
≤

≤ P
(
‖Yn‖ ≥ εn1/p

)
+ P

(
D̄n

)
≤

≤ 1

εq
E

∥∥∥∥ 1

n1/p
Yn

∥∥∥∥q +
n∑
i=1

P
(
‖Xi‖ ≥ n1/p

)
.

Now using Theorem 7 we get

P

(
1

n1/p

∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ ≥ ε

)
≤ C(ψ, q, B)

εqnq/p

n∑
i=1

E ‖Xi‖q I
(
‖Xi‖ ≤ n1/p

)
+

+
n∑
i=1

P
(
‖Xi‖ ≥ n1/p

)
≤ C(ψ, q, B)n

εqnq/p
E ‖X1‖q I

(
‖X1‖ ≤ n1/p

)
+

+nP
(
‖X1‖ > n1/p

)
.

The second summand above tends to 0 by the condition (5). It remains to prove that
the first summand above tends to 0.
We have

C(ψ, q, B)

εqn
q
p
−1 E ‖X1‖q I

(
‖X1‖ ≤ n1/p

)
≤

≤ C(ψ, q, B)

εqn
q
p
−1

n∑
i=1

∫
i−1≤‖X1‖p≤i

‖X1‖q dP ≤

≤ C(ψ, q, B)

εqn
q
p
−1

n∑
i=1

iq/pP (i− 1 ≤ ‖X1‖p ≤ i) ≤

≤ C(ψ, q, B)

εqn
q
p
−1

n∑
i=1

(
i∑

j=1

j
q
p
−1

)
P (i− 1 ≤ ‖X1‖p ≤ i) ≤

≤ C(ψ, q, B)

εqn
q
p
−1

n∑
j=1

j
q
p
−1P (‖X1‖p > j − 1) .

For any δ > 0 condition (5) implies there existence of j0 ∈ N such that for j > j0

jP (‖Xi‖p ≥ j − 1) < δ.

The latter implies

C(ψ, q, B)

εqn
q
p
−1

n∑
j=1

j
q
p
−1P (‖X1‖p > j − 1) ≤
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≤ C(ψ, q, B)

εqn
q
p
−1

j0∑
j=1

j
q
p
−1P (‖X1‖p > j − 1) + ε−qδn1− q

p

n∑
j=j0+1

j
q
p
−2.

The second summand above tends to 0 because δ is arbitrary. Thus, we have

P

(
1

n1/p

∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥ > ε

)
→ 0 as n→∞ for any ε > 0

and this completes the proof of theorem. �
Proof of Proposition 1. As in the proof of Theorem 8 using (2) we have(

E

∥∥∥∥∥
n∑
i=1

θixi

∥∥∥∥∥
q)1/q

≤ C(ψ, q, B)

(
n∑
i=1

αpi ‖xi‖
p

)1/p

.

Now almost sure convergence of the series (6) follows by the same arguments as in
the implication 1)⇒ 2) of Theorem 9. �
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