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e-mail: baxtiyor_yusupov_93@mail.ru

Abstract

In the present paper we investigate local and 2-local derivations on small
dimensional Zinbiel algebras. We give a description of derivations and local
derivations on all three and four-dimensional Zinbiel algebras. Moreover, similar
problem concerning 2-local derivations on all three and four-dimensional Zinbiel
algebras are investigated.
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Mathematics Subject Classification (2010): 17A32, 17B30, 17B10.

Introduction

In recent years non-associative analogues of classical constructions become of interest
in connection with their applications in many branches of mathematics and physics.
The notions of local and 2-local derivations are also become popular for some non-
associative algebras such as Lie and Leibniz algebras.

The notions of local derivations were introduced in 1990 by R.V.Kadison [25| and
D.R.Larson, A.R.Sourour [28|. The above papers gave rise to a series of works devoted
to the description of mappings which are close to automorphisms and derivations of
C*-algebras and operator algebras. R.V.Kadison set out a program of study for
local maps in [25], suggesting that local derivations could prove useful in building
derivations with particular properties. R.V.Kadison proved in [25, Theorem A] that
each continuous local derivation of a von Neumann algebra M into a dual Banach
M-bimodule is a derivation. This theorem gave way to studies on derivations on C*-
algebras, culminating with a result due to B.E.Johnson, which asserts that every local
derivation of a C*-algebra A into a Banach A-bimodule is automatically continuous,
and hence is a derivation 24, Theorem 5.3].

Let us present a list of finite or infinite dimensional algebras for which all local
derivations are derivations: finite dimensional semi-simple Lie algebras over an alge-
braically closed field of characteristic zero [9]; Borel subalgebras of finite-dimensional
simple Lie algebras [34]; infinite dimensional Witt algebras over an algebraically
closed field of characteristic zero [19]; Witt algebras over a field of prime charac-
teristic [32]; solvable Lie algebras of maximal rank [26]; Cayley algebras [6]; finite
dimensional semi-simple Leibniz algebras over an algebraically closed field of charac-
teristic zero [27]; locally finite split simple Lie algebras over a field of characteristic
zero [13]; the Schrodinger algebras [4]; Lie superalgebra ¢(n) [18]; conformal Galilei
algebras [5].
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On the other hand, some algebras (in most cases close to nilpotent algebras) admit
pure local derivations, that is, local derivations which are not derivations. Below
a short list of some classes of algebras which admit pure local derivations: finite
dimensional filiform Lie algebras [9]; p-filiform Leibniz algebras [12]; solvable Leibniz
algebras with abelian nilradicals, which have a one dimensionial complementary space
[7]; the algebra of lower triangular n x n-matrices [21]; the ternary Malcev algebra
Mjs [22]; direct sum null-filiform Leibniz algebras [3].

The notions of 2-local derivations and 2-local automorphisms on algebras were
introduced in 1997 by P.Semrl [29]. The main problems concerning the above notions
are to find conditions on the underlying algebra under which every 2-local deriva-
tion (respectively, 2-local automorphism) on this algebra automatically becomes a
derivation (respectively, automorphism), and also to present examples of algebras
with 2-local derivations (respectively, 2-local automorphism) that are not derivations
(respectively, not automorphisms).

Let us present a list of finite or infinite dimensional algebras for which all 2-local
derivations are derivations: finite dimensional semi-simple Lie algebras over an al-
gebraically closed field of characteristic zero [8]; finite dimensional simple Leibniz
algebras over an algebraically closed field of characteristic zero [11]; infinite dimen-
sional Witt algebras over an algebraically closed field of characteristic zero [14]; locally
finite split simple Lie algebras over a field of characteristic zero [13]; Virasoro algebras
[16]; W(2,2) Lie algebras [30]; Virasoro-like algebra [31]; the Schrédinger-Virasoro
algebra [23]; Jacobson-Witt algebras [33]; deformative super W-algebras W3(2,2) [1];
planar Galilean conformal algebra [17].

On the other hand, some algebras (in most cases close to nilpotent algebras) admit
pure 2-local derivations, that is, 2-local derivations which are not derivations. Below
a short list of some classes of algebras which admit pure 2-local derivations: finite
dimensional nilpotent Lie algebras [8]; p-filiform Leibniz algebras [12]; solvable Leibniz
algebras with abelian nilradicals, which have a one dimensionial complementary space
[7]; finite dimensional nilpotent Leibniz algebras [11]; Thin Lie algebras [15, 16];

In the present paper we give description of local derivations on three and four-
dimensional Zinbiel algebras. We also give a criterion of a linear operator on Zinbiel
algebras of dimension three and four to be a local derivation. Moreover, similar prob-
lem concerning 2-local derivations on all three and four-dimensional Zinbiel algebras
are investigated.

1 Preliminaries

Definition 1. An algebra A over a field F is called a Zinbiel algebra if for any
x,y,z € A the identity

(roy)oz=wzo(yoz)+wo(z0y) (1)

holds.
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For an arbitrary Zinbiel algebra define the lower central series

Definition 2. A Zinbiel algebra A is called nilpotent if there exists an s € N such
that A® = 0. The minimal number s satisfying this property is called nilindex of the

algebra A.

Summarizing the results of 2], [20], and we give the classification of complex

At = A, AT = Ao AF k> 1.

Zinbiel algebras dimension three and four.

Theorem 1. An arbitrary non split Zinbiel algebra is isomorphic to the following

pairwise non isomorphic algebras:

DimA=3:

Z%: epoe; =
Zg: €106y =
Zg’: epoe; =
Zg: e1oe; =

DimA =14

€2,

€3,

€3,

€3,

Z}: ejoe; = ey,

Z3: e oe =
Z3: ejoe =
Zi: e oey=
Z3: ejoey =
ZS: ejoe =
Zl:eoey=

ZS(OZ) . €10€; = €3,

Z(a) : ejoe; = ey,

Zio: €106y =
Zil: e10e =
ZjQ: €10 €y =
Zi3: €10 €y =

Zi4: €y 0 €] =

€3,

€3,

€3,

€3,

€4,

€3,

€4,

€4,

€3,

€3,

€4,

€1 0 €9

€9 O €1

€1 0 €9

€1 0 €9

€10€9 =

€1 © €9

€1 0 €3

€1 0e3

€1 0¢e3

€1 0 €9

€2 O €1

€1 0e3

€1 0 €9

€9 O €1

€9 O €1

€9 O €9

€3, €20€] = 2€3, €10€3 = €4, €30€y = 3€4, €30€] = 3ey;

€1 O €2 = €4,

€10€9 = (¥€y,

1 .
5€3, €20¢€1 = €3;
—€3;

€3, €20 €3 = Qesg,

€3, €2 0€1 = €3.

a e ]

€4, €10€e3=ey, €30¢€ = 2¢y;

€4, €206z =€y, €306 = 2€y;

€4, €20€1 = —€3;
€4, €20€] = —€3, €90 €y = €4,
€3, €90€e] = —e3, €90 ey = —2e3+ €4
€4, €90€y = —egz;
€a0€ = —@e3, €306y =—ey, «a€(C
€90€1 = —(€y, €20€9 = €4, €30€3 = €4,
€4, €20€] = —€4, €90€9 = €4, €30€1 = €4,
€4, €20€1 = —€4, €30€3 = €y;

€4;
—€3, €206y = €4,

€3;
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15 . _ _ _ 1+4a .
Zp(a) s etoey=ey, ey0ey=e3, ey0e =oeq, acC\{l}
ZlG . o _ o _ o _ .

4 - €106 =0C€4, €20€1 = —€4, €30€3 = €y,

A derivation on a Zinbiel algebra L is a linear map D : £ — £ which satisfies the
Leibniz rule:

D(lz,y]) = [D(2),y] + [z, D(y)], for any z,y < L. (2)

The set of all derivations of £ is denoted by Der(£) and with respect to the commu-
tation operation is a Lie algebra.

Definition 3. A linear operator A is called a local derivation if for any x € L, there
exists a derivation D, : L — L (depending on x) such that A(z) = D,(x).

Definition 4. A map V : L — L (not necessary linear) is called 2-local derivation
if for any x,y € L there exists a derivation D,, € Der(L) such that

V(.CI?) - Da:,y(x)a v(?J) = Dz,y(y)'

The set of all 2-local derivations on £ we denote by T'LocDer(L).
For a 2-local derivation V on £ and k € C, x € L, we have

V(kz) = Dy o (kx) = kDy po(x) = EV (2).

The following theorems describes derivations on nilpotent Zinbiel algebras of small
dimension.

Theorem 2. The derivations of 3-dimensional nilpotent Zinbiel algebras are given
as follows:

e for the algebra Z3 :

D(e;) = a1+ azies+ asqes,
D(eg) = 2&17162 + %ag,leg,
D(eg) = 3&17163.
e for the algebra Z3 :
D(e1) = ai1e1+ agies+ ases,
D(es) = ay261 + azzes + aszes,
D(eg) = (al,l + a2’2)€3.
e for the algebra Z3(a) :
D(ey) = %(—am +agz)er + azies + asqes,
D(ez) = aagqe; + %(am + asz)es + asges,
D(eg) = CL37363.
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e for the algebra Z3 :

D(e1) = ai1e1+ agies + ases,
D(es) = (a1 + 2as1)es + asges,
D(@g) = 2(&171 + a271)€3.

Proof. The proof is carrying out by straightforward verification of derivation property
2. [

Theorem 3. The derivations of 4-dimensional nilpotent Zinbiel algebras algebras are
giwen as follows:

e for the algebra Z} :

= a1,1€1, 02162 + a31€3 + Q4164
2a1,162 + 3&27163 + 4&3,164,
3@1’163 + 6@27164,

= 4011’164.

NN N
&

S N N N
I

= ay11€1 +ag1€e2 + az1€3 + aq 164,
2a1,1€2 + 4264,

2a1 163+ (a1 + 3as)eq,

= 3@17164.

S99 5
&
I

e for the algebra 73 :

D(e1) = a11e1+ asies+ aqqeq,
D(ey) = %am@z + a4 €4,

D(es) = 2ay1e3+ 3agqeq,
D(es) = 3ayeq.

e for the algebra Z} :

D(e;) = ay1e1+ azies+ agqey,
D(ey) = asaes + agpey,
D(e3)
D(es)

(a1 + ass)es,
= (2a11 + az2)eq.

e for the algebra 73 :

D(e1) = aj1e1+ azies+ aygqeq,
D<€2) = 2&17162 — 2@2,163 + Q42€4,
D<€3> = 3a1,1€3 — ag1€4,

D<€4) = 40117164.
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e for the algebra Z¢ :

D(ey) = ayier +asies+ayey,
D(es) = ayies+ agges + aqzeq,
D(e3) = 2ayes,
D(€4) = 2&17164.

e for the algebra ZJ :

D(e1) = aj1e1+asies+ asqéy,
D(es) = ai1e2+ agses + aqseq,
D(eg) = 2&17163,
D(€4) = 2@1’164.

e for the algebra Z§(a) :

D(e1) = ai1e1+ asies+ aqgeq,
D(es) = ay1€2 + asqes + agey,
D(@g) = 2&17163,
D(€4) = 2&17164.

e for the algebra Z3(a) :

D(ey) = %a4,4€1 + as 162 + a41€4,
D(es) = —agqie1+ %CL4,4€2 + a4 264,
D(es) = %%,463 + a4 3ey,

D(64) = (14’464.

e for the algebra Z.° :

= ay1€1 + a6 + ayéy,
a1,€2 — Q2,1€3 + Q42€4,
a1,1€3 + Q4,364,

= 2&17164.

SuSy
S
|

e for the algebra Z}* :

= ay,1€1 + ag 1€ + ay 164,
ai,1€2 + a4 264,

a11€3 + a4 364,

= 2&17164.

ISRy
Ny
Il

e for the algebra Z}* :

D(e1) = ai1e1+agies+ aqqeq,
D(es) = agaes + asses + agey,
D(es) = (a11+ azz)es,
D(€4) = (al’l + a2’2)64.
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e for the algebra Z}3 :

D(e1) = a11e1+ aziez+ aqeq,

D(es) = a1261 + agoes + agoes + aq €y,
D(es) = (a11+ azz)es,

D( ) = 2&27264.

= ayp1€1 +agie3+ aqq€y,

G12€1 + Q2262 + a3 263 + A42€4,
= 2az263 + a1 2€4,

= (a11 +azz)es.

S5-Rp~)
Ny
|

D(e1) = ai1e1+agies + aqeq,

D(e3) = a12e1 + ag2e2 + a32€3 + a4 264,
D(es) = 2asses + 12 a1 064,

( ) = (al,l + (12,2)64.

e for the algebra Z}9 :

= ay1,1€1 + az1€2 + G464,
(1,261 + Q22€2 + A49€4,
%(al,l + asp)es + aq 3€4,
= (ar1 + azz)ey.

S5Sgp~)
&
I

Proof. The proof is carrying out by straightforward verification of derivation property
2. O

2 Local and 2-local derivation on Zinbiel algebras of
small dimension
Now we study local and 2-local derivations on Zinbiel algebras of small dimension.

Theorem 4. The local derivations of 3-dimensional Zinbiel algebras are given as
follows:

e for the algebra Z3 :

A(e1) = ciae1,+co1e2 + 3163,
Aea) = co9e+ c32e3,
A(eg) = (3,3€3.
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e for the algebra Z2 :

Aer) = cr1e1+ 162+ c3qes,
Aey) = ci12e1 + canes + c3263,
A<63) = (3,3€3.
e for the algebra Z3(a) :
Ae1) = ci1e1+co1ea+ c3es,
A(eg) = QC12€ + C2.2€2 + C3,2€3,
A(€3> = C(33€3.
e for the algebra Z3 :
Aer) = cp1e1+ 162+ c3qe3,
Aeg) = co9€9 + 3263,
A(eg) = C(33€3.

Proof. Since the proof repeats the same arguments that were presented earlier for
each case, a detailed proof will be given only for the algebra Z.1, the rest of the cases
are similar.

Let € be the matrix of A and let A be an arbitrary local derivation on Z3 :

€11 Ci2 C13
¢ = C1 C22 C23
C31 €32 C33

3
By the definition for all x = >~ z;e; € Z3 there exists a derivation D, on Z3 such

that -
A(x) = D(x).

By Theorem 2, the operator D, has the following matrix form:

xT
aj; 0 0
—_ X xr
€= | a3, zal,l 0
xT T X
az1 3021 3041,1

Let € be the matrix of A then by choosing subsequently x = ey, © = ey, © = €3
and using A(x) = D,(x), i.e. €& = D,(T), where T is the vector corresponding to z,
which implies

C1,1 0 0
¢ = Ca1 C22 0
€31 C32 C33
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Using again A(z) = D,(x), i.e. €& = €,(T), where T is the vector corresponding
3

to x = > x;e;, we obtain the next system of equalities

=1
R
C1,171 = a1,17%1;
N, T
C2,1T1 + C2,2%2 = CLQ,ll'l + 20/1711’2, (3)
_ T 3 x T
C3171 + C32T2 + C33%3 = a3715131 + 5@271272 + 3&1711'3.

Let us consider the next cases:
Case 1: Let x; # 0, then from (3) we uniquely determine
e C21T1 + C20T2 — 201172

x
a = C a =
1,1 1,1 2,1
’ ’ ’ 1 ’

a =
3,1
7 ml

3 .z
3,101 + C32%2 + C33%3 — 5051 T2 — 3C1173

Case 2: Let x; = 0 and x5 # 0, then from (3) we uniquely determine

€22
X _ )
a1 = &5~

2(03,21’2 + C3’3I3) — 30272133
; 2 :

333'2

T
,CL271—

Case 3: Let x1 = 22 = 0 and x3 # 0, then a7 ; = CSTS

[]

By direct calculation we obtain the dimensions of the spaces of derivation and
local derivations to 3-dimensional nilpotent Zinbiel algebras.

Algebra The dimensions of the | The dimensions of the
space of derivations space of local deriva-
tions
Z3 3 6
VA 6 7
Z3 () : 7
Z3 4 6

Corollary 1. The 3-dimensional Zinbiel algebras admit local derivations which are
not derivations.

Theorem 5. The local derivations of J-dimensional Zinbiel algebras algebras are
given as follows:

e for the algebra Z} :

A(e1) = ciae1,+co1e2 4 c31e3 + Caea,
Aes) = cones+ c32e3 + Cy06y,

Ales) = csges+ cyseq,

A<€4) = C47464.
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e for the algebra 72 :

A(e1) = ciae1+ o162+ c31e3 + Caeq,
A(ea) = co9es+ cyoey,

Ales) = csses+ cyzeq,

A(€4) = C47464.

e for the algebra Z3 :

Aer) = ci1e1+csaes3+ caqeq,
Ae2) = co2e2+ caseq,

Ales) = czges+ cysey,

A<64> = C47464.

e for the algebra Z3 :

Ae1) = ci11€1+ o162 + cqq64,
Aes) = co0es+ capey,

A(6’3) = C(33€3,

A<€4) = C474€4.

e for the algebra 73 :

= cCy,1€1 + Co162 + Cq1€4,
C2,2€2 + C32€3 + C4 264,
C33€3 t+ C4 364,

Cyq.4€4.

LrbL
N
Il

e for the algebra Z¢ :

A(e1) = ciae1+c3ies+ caeq,
Aez) = co0e9 + C3263 + Caoey,
A(€3) = C(3;3€3,
A<€4) = C446€4.

e for the algebra Z7 :

Aler) = ciier+csies+ ey,
A(e2) = co0e2+ c30e3 + Cy2e4,
A(€3) = C33€3,
A<64) = C(C44€4.

e for the algebra Z5(a) :

Aer) = ci1e1+czaes3+ caqeq,
Aey) = cooes+ c32e3 + Cy064,
A(€3) = C33€3,
A<€4) = C4’464.
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e for the algebra Z3(a) :

Aer) = cr1e1+ o162+ cyqeq,
Aea) = c12e1 + cages + cy0ey,
Ales) = csses+ cases,

A<€4) = C446€4.

e for the algebra Z;° :

Ae1) = ciae1+ co1e2 + caeq,
Ae2) = cone2+ ca1e3+ Ca2ey,
Ales) = csses+ cyseq,

A(€4) = C4’464.

e for the algebra Z}' :

Aer) = cr1e1+ o162+ cyqeq,
Aer) = co2e+ caseq,

Aes) = c3se3+ cageq,

A<64) = C446€4.

e for the algebra Z}*

A(e1) = ciae1+c3pe3+ careq,
Aey) = coses+ c30e3 + Cyoey,
A(63) = C(33€3,
A(64) = C446€4.

e for the algebra Z}3 :

A(e1) = ciae1+cgies+ caeq,

Aez) = cie1 + o069 + C32€3 + Cao€u,
A(63) = C33¢€s,

A(64) = C446€4.

e for the algebra Z}* :

™
ol

= c1,1€1 + 3163 + Cq164,

C1,2€1 1+ C22€2 + C32€3 1 C42€4,
C3,3€3 + C43€4,

Cq,4€4.

N
w

P
AA;C?A
|

Q)
W

e for the algebra Z;°(a) :

= 1,161 + 3163 + Cq1€64,

C1,2€1 + Ca2€3 + C390€3 + C40€4,
C3,3€3 + C43€4,

Cq,4€4.

-4 -4 4
S
|
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e for the algebra Z}° :

Aer) = cr1e1+ o162+ cyqeq,
Aey) = ci2e1 + cagea + Cyo6y,
Aes) = c33e3~+ cageq,

A(€4) = C446€4.

By direct calculation we obtain the dimensions of the spaces of derivation and
local derivations to 4-dimensional nilpotent Zinbiel algebras.

Algebra The dimensions of the | The dimensions of the
space of derivations space of local deriva-
tions

10

Zy

Z3

Z3
Z3
Z3

Zy
Z]
Zi(a)
Zj(a)
710
71
e
2%
71
Zy ()
710

©| CO| 00| ©Of ©| 0| COo| 0o ©| | 00| ©

—_
(e

—_
=}

| | | | O] Oy Oy Oy Ot O O =] O =] O =

9

Corollary 2. The 4-dimensional nilpotent algebras admait local derivations which are
not derivations.

Now we investigate 2-local derivations on 3-dimensional and 4-dimensional Zinbiel
algebras.

Theorem 6. Any 2-local derivation of the algebra Z3 is a derivation.

Proof. Let V be a 2-local derivation on Z3, such that V(e;) = 0. Then for any element
3

r =Y x;e; € Z3, there exists a derivation D,, ,(x), such that

=1

V(e1) = De,z(e1), V(x) = De, (7).
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Hence,
0=V(e1) = D, .(e1) = ar1€1,+az 12 + az €3,

which implies, 11 = Q21 = AaAz1 = 0.

Consequently, from the description of the derivation Z3, we conclude that D,, , =
0. Thus, we obtain that if V(e;) =0, then V = 0.

Let now V be an arbitrary 2-local derivation of Z;. Take a derivation D,, ., such
that

V(e1) = D., »(e1) and V(z) = D,, .(z).

Set Vi =V — D,, ,. Then V; is a 2-local derivation, such that V(e;) = 0. Hence

Vi(x) =0 for all x € Z}, which implies V = D,, ... Therefore, V is a derivation. [

Theorem 7. The 3-dimensional Zinbiel algebras Z2, Zi(a) and Zi admit 2-local
derwations which are not derivations.

Proof. Since the proof repeats the same arguments that were presented earlier for
each case, a detailed proof will be given only for the algebra Z2, the rest of the cases
are similar.

Let us define a homogeneous non additive function f on C? as follows

ﬁ, 1f227£07
21,%9) = *2
fe1,22) {0, if 25 = 0.

where (z1, 29) € C. Consider the map V : Z2 — Z2 defined by the rule
V(r) = f(x1,72)e3, where x = mje; + Taey + 1303 € 73,

Since f is not additive, V is not a derivation.
Let us show that V is a 2-local derivation. For the elements

T = T1€1 + To€y + T3€3, Y = Y161 + Y262 + Yse€s,
we search a derivation D in the form:
D(e1) = agqes, D(es) = azzes, D(es) =0.
Assume that V(z) = D(z) and V(y) = D(y). Then we obtain the following
system of equations for o, and 5 :
x1a31 + Toa32 = f(x1,22),
asy + ysase = f(y1,y2).

Case 1. Let x1ys — zoy; = 0, then the system has infinitely many solutions,
because of right-hand side of system is homogeneous.
Case 2. Let x1ys — w9y # 0, then the system has a unique solution. O

(4)

Theorem 8. Any 2-local derivation of the algebra Z; is a derivation.
Proof. The proof is similar to the proof of Theorem 8. O]

Theorem 9. The j-dimensional Zinbiel algebras Z2-Z;° admit 2-local derivations
which are not deriwations.

Proof. The proof is similar to the proof of Theorem 7. O
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