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Abstract

Three-parameter difference schemes of the finite element method with a
high order of accuracy are considered in the article for a mathematical model
of spin waves in magnets (Sobolev-type equations). Discretization of time and
space variables is conducted on the basis of the finite element method. The
parameters of the scheme allow choosing the best approximation and accuracy,
and an economic algorithm for numerical implementation. Theorems on the
stability and convergence of the considered difference schemes are obtained.

Keywords: Sobolev type equation, spin wave equation, difference schemes,
finite element method, a priori estimates, stability, convergence, accuracy.
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Introduction

The solution of complex applied problems requires the creation of more accurate
numerical algorithms or the improvement of existing ones. This is especially man-
ifested in the study of complex nonstationary processes, for example, in boundary
value problems for linear partial differential equations, unsolved with respect to the
highest time derivative, called Sobolev-type equations:

p—1
AgDPu + Z Ay gDiu=f

q=0

where Ay, Ay, ..., A,—are the linear differential operators in spatial variables. The
study of such equations began with the research conducted by S.L. Sobolev. These
issues arise when solving problems in geophysics, oceanology, atmosphere physics,
physics of magnetically ordered structures, plasma physics, physics of semiconductors,
in problems related to wave propagation in media with strong dispersion, and in many
other spheres [1]-[4].

Here are some examples.

1°. Equation of two-temperature plasma in an external magnetic field: the equa-
tion describing low-frequency electron magneto-acoustic waves [1]

H? q4 02 1 Pu. ¢
@Awe + C—;@ Agu, — 3 e + W%EW = c; f(z,t) (1)
De 3
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or the equation describing low-frequency ionic magneto-acoustic waves

0? 4 0 1 , 0%, 2.
@AQ . qf‘; o (Aguz T_Di >+ wh 52 _ qcf;f(x,t). (2)
Here u.(x,t)— are the electric fields of electrons, u;(x,t)— are the electric fields of
ions, Ay = 82 —l— (98:13 5, A3 = aa—;%—l—aa—%—f—aa—%—are two-dimensional and three-dimensional
Laplace operators rp, = T2/ (4me*ng) —is the square of the electron Debye radius,
rp, = T7/ (4me*ng) —is the square of the ionic Debye radius, qa, = Bo/ (4mnoM) —
is the Alfvén speed of electrons, ga, = By/ (4dmngM) — is the Alfvén speed of ions,
wp, = eBy/ (mc) ,wp, = ZeBy/ (Mc)— are the Larmor frequencies of electrons and
ions (m and M are their masses, respectively), c— is the speed of light in vacuum,
Z — is the ratio of the charges of an ion and an electron, By— is an external constant
magnetic field, ng— is the unperturbed density of particles, e— is the absolute value of
the charge of an electron, T,— is the temperature of electrons, T;—is the temperature
of ions.
20. The equation of ion-acoustic waves in non-magnetized plasma [1]:

82

e (Asu —u) + Azu = f(z,1). (3)

3°. The equation of spin waves in magnets [3]:

(g-; + W%) Azu(z,t) + wiNou(z,t) = f(z,1), (4)

where wy = 7 (Ho + BMy) ,ws = vy/4n Mo (Ho + BMy),y = gle|/ (2me) , g— is the
hydromagnetic ratio of a ferromagnet, 3 = K/MZ, My = mgez— is a ferromagnet of
the "easy" axis (e3) type, K — const., Hy = Hypez— is an external field.

4% The equation of spin waves in magnets of the “easy” plane type [3]:

(5 +2) Aule) + )+ i) = S0 )

where

w3:’)/\/H0 (H0+|5‘M0), CU4:’}/\/47T(H0+|6’M0)M0, Ws =7 47THOM0,

2
Uppz, = g Z,a-? 3.

Initial and some boundary conditions are added to equations 1° —4° The existence
and uniqueness of the solution of the initial-boundary value problems for the above
equations are considered in [1]-[4].

In [3, 5] similar problems with some transformation are reduced to two equations
(one contains differentials in time, the other contains differentials in space); then these
equations are solved by the finite difference method using quasi-uniform grids. The
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schemes constructed have the second-order of accuracy in time and in spatial variables
with sufficient smoothness of the solution to the original differential problem.

In |6] initial-boundary value problems for equation (1), are studied, where differ-
ence schemes based on the finite element method are considered. Accuracy estimates
0] (73 + hk) are obtained, where k is a polynomial degree of piecewise polynomial
functions.

Similar studies are given in [7] for the equation of ion-acoustic waves in non-
magnetized plasma. Accuracy estimates are also obtained there O (7'3 + hk).

In this article, the authors consider the initial-boundary value problem for equa-
tion (4). Three-parameter difference schemes of high accuracy are constructed and
investigated on the basis of the finite element method with piecewise cubic interpola-
tion. The scheme parameters made it possible to obtain schemes of the fourth-order
of accuracy in time and to implement economic algorithm. On the basis of a spe-
cial technique, a priori estimates were obtained and theorems on the stability and
convergence of the numerical algorithms under consideration were proved.

1 Statement of the problem

Equations (4) are written in the following form
2
@Agu + wiAsu + wilou = f(x,t), (z,1) € Qr (6)

with initial conditions

u(z,t) :uo(x,t),%(:c,t) =wu(z,t),t=0,2 € Q (7)
with boundary conditions
U(I,t):M(JI,t),J}EF:aﬁ,tE (OuTL (8)

where Q = Q+T, Q={0<z, <lt,k=1,2,3}, Qr={(z,t):2cQ,tc(0,T]}.
Let us formulate a generalized statement of the problem (6)-(8). We call function
u(z,t), a generalized Solutlon of the problem, which for each t € (0,7") belongs to
H = WX(Q) has derivative 2 (%2 € W5 () and satisfies almost everywhere on (0,7T)
the following relations [8]:

o (0 aa 0),0) + 0 (), ) = (£10),9). ©)

(w(0) — ug, 9) = 0, (%(0) - u1,19> = 0,v9(t) € H, (10)

where

az(u,v) = /Zuwkﬁmkdw as(u,9) = wiag(u, ), ay(u, ) —wQ/Zuwkﬁmkdx
Q

k=1 Q=1
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Here u = u(t)— is the function of the abstract argument ¢ € [0, 7] co with values
in H, W}(€)— is the Sobolev space with scalar product

8u 8u

with norm
Jully = Z Uay, )
Q k=1
and vanishing at boundary I' of region Q, dz = dxidzodrs. It is obvious that

0 < ar(u,u) < Cillullf,e2flulli < as(u,u) < Collullf, esllullt < a5 (u,u) < Csllullf,
where C1, Cy, C3, co, c3— are the positive constants.

2 Discretization in space and time

Let us approximate problem (9), (10) in spatial variables using the finite element
M

method. Let H, C H be the set of elements of ;, = Zamgpm(x) form. Here
m=1
{@m = ©m(z)}M_, is the basis of piecewise polynomial functions that are a degree p
polynomial at each finite element [8, 9.
Let us give an example of a basis based on third-degree polynomials. Let us
introduce a partition of domain €2 into M = N; x Ny x N3 parallelepipeds:

Qije = {(i = 1)hy <2y <ihy, (j — 1)hy < x9 < jho, (k= 1)hg < 23 < khs},

1= 1,N17j = 1,N2,]€ = ].,N3,h3 = lS/Ns,S = 1,2,3.

Let us choose a system of basis functions:

i1, 22, x3) = @i(x1)j(T2)0r(xs), i = 1, N1,j = 1, No, k =1, N,

where ¢;(x)— is the basis function based on the B;— spline [§]. In this case p = 3.
The approximate solution can be represented as a bicubic spline:

N
up (1, T, 3, 1) Zak V@i (21, T2, x3). (11)
=1

Therefore, in accordance with (9), (10) we obtain a semi-discrete problem at
tel0,7]:

oo (58201 ) + ) + sl 90) = (090 (12
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d
(uh(()) - Uo,ﬁh) = 0, (%(0) - ul,ﬁh) = 0,\V/?9h c Hh. (13)
Problem (12), (13) corresponds to the Cauchy problem:
d?up (t du
DD 4 (1) = £y(0).u(0) = g, S(0) = . (14)

Operators D, A act from Hj, in H,. They correspond to stiffness matrices

D = (a3(¢1, om))1pey a0d A = (a2(21,0m))imey + (01(01,0m)) ey - In addition,
., = Prug(x), k = 0,1, where P,— is the projection operator P,H = H},. Here

D=D">0,A=A">0. (15)
We approximate problem (14) in time by the difference scheme [10]:

f_. ,\+
(D—VTQA)y y+Ay2y:gpl,

T ey (16)
(D —ar?4) =2 — (D - pr?4) T2 =
-
yO = UO:?JO = Up.
R Yy n n
Herey:yn:y<tn)7 y:yn y yzy”:E(tn),n:(),l,,y,y EHh:
1
or = / Fltn +7E0(E)dE, k=12, 91(€) =1, Da(€) = 5195 (€) + 5299 (€),
0
t—t, 1 3 1
£=— 93 =1 (& - 5) O =7 (g?’ — 552 + 55) , 51 = 18083 — 40q,

s9 = 16808 — 280«.
Parameters «, 3,7 obey the condition of the fourth-order approximation

a+v=L8+1/6. (17)

In [10], based on the analysis of variance, it was proved that under additional
conditions

B — 6oy + 1/40 = 0, (18)

scheme (16) has an order of accuracy O(7%).
In addition, according to the values calculated

v = y(ta) 5" = (0, = y(tn) 5 = 2 ()

it is possible to restore the approximation for u(t) at any point in time ¢ € [t,, t,41],
n =20,1,... by the following formula

y(t) =yl (t) + 9"l (t) + y" g (t) + 5 el (t),

where
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Pho(t) = 267 = 362 + 1, ¢y (1) = 3¢” — 287,
Plo(t) = 7(8 =282 + &), o1y (1) = 7(& = &%), § = (t = tn) /7.

In this case, the errors of the scheme ||y(¢) — u(t)|| and ||y(t) — u(t)|| at any point
in time t € [t,,thy1],m = 0,1,... remain the same.

3 Study of stability and convergence

Let us analyze the stability and accuracy of the scheme (16). The following theorem
holds.

Theorem 1. [10] Let A* = A > 0,D* = D > 0 and the approximation conditions
(17) are satisfied. If

D —07*°A>¢eD,0 < e < 1,6 =maz{a, 3,7}, (19)

then the solution y(t) of scheme (16) converges to the solution of problem (14)
up(t) € CY0,T] and the following estimate is true:

lun(t) = y(®)lla + lan(t) — 9()lp < M7

The proof is based on reducing the two-layer vector scheme (16) to a three-layer
scheme, separately for the solution of y and its derivative . The proof implies the
permutation of operators A and D, i.e. AD = DA. To eliminate this condition,
instead of y, ¥ we introduce w = D2y, = D2y, where D'/?— is the square root of
positive operator D. Note that (D'/2)* = D'? > (0 and there is an inverse operator
D~1/2 = (D=Y/2)* > 0. After obvious transformations, we obtain the following scheme
from (16)

W —  ~Dtw
D’Y +A = @1,
T 2 (20)
~ W—w = WH+w
Da -D :Na
- B 9 P2

where @, = D201, 3y = D"V?py, D, = D — wr?A,D = B, A= D~'?AD~'/2,
w=a,f,7. It is clear that D = D* >0, A= A* >0 and DA = AD.

To estimate the accuracy of scheme (20), it is necessary to estimate the error
2z = w — up. Using the technique of such an estimation in the theory of difference
schemes [11] and the theory of the finite element method [12], we formulate the result.

Theorem 2. Under condition (17), (19) the solution of scheme (20) w(t) converges
to the solution of problem (6)-(8) and the following estimate is true:

lu(t) —y()]ly < M(h7 +7%).

When choosing a degree o = 3 polynomial on each finite element in space, we
obtain the third-order of accuracy in step h.
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Let us check the fulfillment of the stability condition (19). We represent the
operators of scheme (16) in the following form

D = Al + A2 + Ag, A= wlAl + W%AQ + W%Ag + w%Al + (.UQAQ,
where operators Ay > 0 correspond to stiffness matrices Ay = (by(¢, @m))z,m:1 with

bilinear form by, (u, ) = / (Ug,,, Uz, ) dz. Condition (19) takes the following form
0

(1 —&)(Ar + Ag + Az) — 072 (WiAr + widy + wiAz + w3 Ay + widy) > 0.

To satisfy it, it is enough that

1—e€ 1 1

< max (—2, —2> ,0<e< 1. (21)
0 1 W2

The last condition is interesting because the step in time is not related to the

step in space and is determined by the following parameters of the problem: w?

and w3s— are the Viisild-Brent frequencies. For the parameters of the scheme (16)

a=1/8,3=1/24,v=1/12 we have § = 1/8. So, finally 7 < Y215

min( w1,w2)

4 Algorithm for implementation

When solving a specific problem, we use the scheme (16). The algorithm for imple-
menting the scheme is reduced to solving two equations on each layer:

C n+l _ F Cyn+1 1727

where C' = D? — (a — §) T2AD + (a'y 8) 7142, and the right-hand sides are calcu-
lated from the known Values of y", y" and V1, Pa2-

The matrix C' is factorized: C' = C1Cy = (D — M A)(D — M\ A), where A1, \y are
the roots of the equation

)\2—1—(04—1—7—%))\—1-(047—%):0.

For a = %, b = i, v = 1—12, we have A\ = —i,/\Q = 0, i.e. when condition

oy — 411 = 0 is satisfied, the algorithm of scheme (16) becomes an economic one.
Then y"*' = C7'F, = C,'C R, g™t = O 'O Fy. For the inversion of matrix
C1, Oy for example, the direct square root method is applied once, at the initial point
in time. On the remaining layers, the solution is found by multiplying the matrix
C~' = Cy;'C! by vectors Fy, Fy.

The main number of operations for scheme (16) falls on the inversion of one
operator D on the first layer and the subsequent multiplication of vector f;' — Ay"
by D~! on the remaining layers.

For scheme (16) we invert two operators ) = D —w; A and Cy = D —wy A. on the
first layer. On the remaining layers, we multiply two vectors Fy, F, by C~' = C;*Cy .
Thus, the number of arithmetic operations for the implementation of scheme (16) is
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approximately 4 times greater than the classical three-layer schemes of the second-
order of accuracy. This scheme allows choosing large time steps to achieve a certain
accuracy since there is no limitation on time steps.

The increase in computing time for scheme (16) occurs due to the need to construct
the stiffness matrices D and A, realized by numerical integration (one-time at initial
time t = 0).

5 Conclusions

A fourth-order of accuracy method for solving the problem for the equation of spin
waves in magnets was developed and investigated. It was based on finite element
approximation in space and time using third degree polynomials. An algorithm for
the implementation of the method was developed. Theorems on stability and con-
vergence of the considered difference schemes were proved. A separate study will be
devoted to numerical modeling, where, on the basis of the algorithm implementation
of the method developed here, it will be tested for exact solutions in the form of
a Fourier series and compared with other methods. In addition, on the basis of a
computational experiment, the convergence rates of the method in time-space direc-
tions will be checked, and the visualization will be done, which will confirm these
theoretical results.
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